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A method is developed to obtain the character tables of nonsymmorphic space groups. The method is
based on the possibility of obtaining all the irreducible representations of a group, if one knows all the
irreducible representations of its invariant subgroup of index 2 or 3. It turns out that all the space groups

have an invariant subgroup of index 2 or 3.

INTRODUCTION

HERE exists a simple method to obtain the

character tables of the irreducible representations

of symmorphic space groups.! However, more than 150

space groups are nonsymmorphic and it is more difficult

to obtain the character tables of their irreducible
representations.

Déring and Zehler? show in their paper how to obtain
the character tables of a nonsymmorphic group in the
case of a diamond. In principle, this method can be used
also for other nonsymmorphic space groups,®* but in
each case one has to construct artificially a new group,
find its irreduciblé representations, and choose from
them the suitable ones.

In this paper we develop a general method to obtain
the character tables of the irreducible representations
of all nonsymmorphic space groups.

We first give a short introduction on concepts and
results of the theory of groups, which have not been
used until now in applications in physics.

Let G be a finite group and H its subgroup of index .
We can write

G=H+vH+vH+ - - ~+omiH. )

The elements 21, v, - -, Vs are called representing
elements of the group G relative to the subgroup H. If
the subgroup H has the property that #Hu=H, where
1 G. Koster, Solid State Physics 5, 173 (1957).
*W. Déring and V. Zehler, Ann. Physnk 13, 214 (1953).

37. Firsof, JETP (U.S.S. R. ) 32, 1350 (1957)
‘E. Kashba, Solid State (U.S.S. R. ) 1, 407 (1959).

u is any element of G, then H is called an invariant sub-
group. The cosets H, 1:H, - - +, tm—1H in (1) are then ele-
ments of a new group, called factor group of G. The order
of the factor group is equal to the index of the subgroup
H. It is known that every subgroup of index 2 is an
invariant one and every factor group relative to a sub-
group of index 3 is a cyclic one. In the last case we can
write the group in the following way:

G=H+vH+v'H=Hy+H,+H.. (2)

The element H, is the unit element of the factor group
and the other two elements H; and H, are inverse to
each other, i.e., H1H2=H0, H12=H2, and H2 =H1.

Let s be an element of the subgroup H (from now on
s will always be an element of H). If H is an invariant
subgroup, then all the elements of the class generated by
the element s will belong to H. It can happen that the
class of the element s in G is split in H into several
classes, i.e., the elements %~lsu, where « is any element
of G and belongs to different classes in H.

If H is an invariant subgroup of index 2, then either
the class 7 of an element s in G is not split in H at all,
or it is split into two classes with the same number of
elements. The first case happens when some element of
the class r commutes with an element which does not
belong to H. The second case happens if no element of
the class 7 commutes with an element which does not
belong to H.?

8 F, D. Murnaghan, Theory of Group Representations (Johns
Hopkins Press, Baltimore, 1938), p. 168.
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In the same way one can prove that if H is an in-
variant subgroup of index 3, the class 7 of the element s
in G either is not split at all in H, or is split into three
classes with the same number of elements, #,/3.

Let us now define a characteristic of a finite group G.
Let T'; be an irreducible representation of G with
characters X;®, X;® ... X;? and F*—a class func-
tion, i.e., F has the same values F* for all elements of G,
which belong to the same class k. The expression

i
b == 2 mpF X%
g k

is called the simple characteristic of G, where g is the
order of the group G and #; is the number of elements in
class k; the sum includes all the classes of G. If the
representation in the definition of the characteristic ¢;
is reducible, the characteristic is termed a compound
characteristic of G. The coefficients of any one of the
indeterminates (e.g., F¥) in ¢; yield, when multiplied by
g and divided by ., the complex conjugate of the
character of the representation I';, which is associated
with the class 4.

In the same way we can define a simple characteristic
of H:

1
oi= T i [0 ®)

It is known (p. 98 of work cited in footnote 5) that if one
identifies the indeterminates in Eq. (3), associated with
all those classes of H, which belong to the same class of
G, then Eq. (3) is a characteristic (in general, a com-
pound one) of G. Therefore, every irreducible repre-
sentation vy ;of the subgroup H furnishes a representation
T (in general a reducible one) of the group G. The
character x‘? of such a representation of G, which
corresponds to the class 7, is equal to the conjugate of
the sum of the coefficients of the indeterminates f in
Eq. (3) associated with all those classes of H, which
belong to the same class 7 of G, multiplied by g and
divided by #;

g
XO= 5 m/geh, ()
hn; k

The sum in (4) includes all classes of H, which belong
to the same class 7 of G. The dimension of the repre-
sentation I' is equal to the character x which corre-
sponds to the unit element. Therefore, it is equal to the
dimension of the y; by which I is furnished, multiplied
by g/k. If H is an invariant subgroup, then the char-
acters (4) that correspond to elements, which do not
belong to H, are null (p. 93 of work cited in footnote 5).

ZAK

1. A METHOD TO OBTAIN ALL THE IRREDUCIBLE
REPRESENTATIONS OF A FINITE GROUP,
WHEN ONE KNOWS ALL THE IRRE-
DUCIBLE REPRESENTATIONS OF
AN INVARIANT SUBGROUP
OF INDEX 2 OR 3

We first develop the method for the case of an
invariant subgroup of index 2.

Let H be a subgroup of index 2 and let £, &, - - - £ be
the characters of all the irreducible representations
Y1, Y2, * * *vkof H. The simple characteristics ¢, @3, - - -,
¢r of H furnish representations of G with characters
[according to (4)7],

g 2
xD=—3 /O =—3 n/E,0. (6)

hn, 1 7, !

The representations of G, which are furnished by all the
simple characteristics ¢i, @2, * - - ¢x of H must include
all the irreducible representations of G. Indeed, we can-
not assume that some irreducible representation (e.g.,
T'») of G is not included in these representations because
T as a representation of H can be written in the
following way: I'w=23_% cxvr, where at least one coeffi-
cient (e.g., ¢;) must differ from zero. According to the
Frobenius theorem (p. 100 of work cited in footnote 5)
the representation of G, which is furnished by the simple
characteristic ¢; of H, must include the irreducible
representation I'y..

When H is a subgroup of index 2, then #; in (6) is
equal either to %, or to #,/2, and (6) can be written

XM =£;(s)+&;(v ),

where v is an element which does not belong to H. By
using the definition of conjugate representation, we have

xM=E;(s)+E,(s). )

We can divide all the irreducible representations of
Hinto twosets: a set of pairs of conjugate nonequivalent
representations and a set of self-conjugate representa-
tions (p. 100 of work cited in footnote 5). We now con-
struct the irreducible representations of G, which are
included in the representations of G furnished by the
two sets of representations of H, and in such a way we
obtain all the irreducible representations of G.

Theorem 1. Let v, and its conjugate ¥ be two
irreducible and nonequivalent representations of H. The
representation I'x of G, which is furnished by v (or by
¥4 is an irreducible representation of G. Its order is
twice the order of .

Proof. From (7) we see that the representations v
and 4 furnish the same representation of G, because the
representation, which is conjugate to 4, is yz. The order
of I';. is twice the order of vx because (g/4)=2. We must
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still prove that I'; is irreducible, One has

Zolxk2 =2 u] x(s)+Eu(s) ]2
=2 u|€x(8) |42 X Ex(s)Er(s)*
+Xu|&:() 2=h4+0+h=2k=g,

i.e., 'y is irreducible. Therefore, every pair of conjugate
representations of H furnishes an irreducible representa-
tion of G.
Let us take now two different pairs of conjugate and
nonequivalent representations of H: v;, ¥; and v&, 7.
The representations I'; and I'y of G, which are
furnished by them are nonequivalent because

e XX* =2 m(5:4+E) (5t En*
=Y nébt i EE X p BB m EE*=0.

If H contains # pairs of conjugate irreducible and non-
equivalent representations, they furnish # irreducible
nonequivalent representations of G.

Let us now prove the following theorem: Let v., be a
self-conjugate irreducible representation of H. The
representation of G, which is furnished by 7., is re-
ducible and contains two irreducible and nonequivalent
representations I',)/, '’ of G. Their order is equal to the
order of v, and their characters on H are equal to those
of Ym.

Proof : from (7) we have for the characters X,, of 'y,

Xon=Emt ém= 2&m. (8)

Moreover,
T 6| Xn 2= 0| 26n|?=4 T u| tn|?=4h=2g.

Therefore, T',, contains two irreducible representations
of G, because 2 can be written only in one way as a sum
of squares: 2=124-12. We can write I',,=I,/+T.".
Both I,/ and T,,”” as representations of H contain
the representation v» (according to the theorem of
Frobenius), and therefore they have the same characters
as vm on H, because the order of I', is twice the order of
¥m. We must still prove that T’ and TI',/’ are non-
equivalent.

Let v be an element which does not belong to H. The
element »s then does not belong to H and from

X (08) =X/ (v5) +Xn'" (v5) =0
we have
X' (v5)= —Xp" (vs). 9

But I’ is irreducible, and therefore

g=2 6| Xn 1*=2u | Xn/ () |22 1| Xon (v5) |2
=h+2 u|Xn' (v5)|?

(the last sum includes the elements that do not belong
to H). We obtain

3wl X (v5)|2=g—h=h.
By using (9) and (10) and the fact that the representa-

(10)
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tions I',’ and T',,”" have equal characters on H, we get

T6 XX * =g X! ()X * (5) Lo X' (v5) X" (w5)*
=Y | X' () |2~ X | X! (v5) | 2= h~ =0,

i.e., I's/ and T, are nonequivalent. Therefore every
self-conjugate irreducible representation of H furnishes
two irreducible and nonequivalent representations of G.

Let us take now two different irreducible self-conju-
gate representations,y; and v, of H. The representations
I/, T/ and I',/, T'/” of G, which are furnished by them,
are all nonequivalent. Indeed, every pair of representa-
tions I'/, I';”” and I',,/, T'»,”’ are nonequivalent according
to the previous proof; the representations Iy, and I'/
(the same holds for the other representations) are also
nonequivalent ; otherwise their characters on H would be
equal and they would be furnished by the same repre-
sentation of H.

Therefore, if H contains m self-conjugate irreducible
and nonequivalent representations, they furnish 2m
irreducible and nonequivalent representations of G.

It is also clear that no representation of G, which is
furnished by the m self-conjugate representations of H,
is equivalent to any representation of G furnished by
one of the pairs of conjugate nonequivalent representa-
tions of H. Otherwise, they would be furnished by the
same representation of H.

Therefore, the # pairs of conjugate nonequivalent
representations and the m self-conjugate representations
of H furnish #+2m irreducible and nonequivalent repre-
sentations of G and these are all the irreducible represen-
tations of G.

Let us now deal with the characters of these repre-
sentations. The characters of the representations, which
are furnished by the pairs of conjugate representations
of H, are obtained by (7) as a sum of the characters
associated with the same element in the two represen-
tations yx and 75 (It is clear that the character asso-
ciated with elements which do not belong to H are zero).

The characters of the representations I',’ and I'n'’ of
G on H are equal to those of v» (by which they are
furnished). The characters associated with elements
which do not belong to H can be obtained from the
following argument. Let v be an element which does not
belong to H.  is then an element of H, say s. The
character associated with #?=ysin I'»’ and I'»’’ is known.
Let the scalar matrix 4 (v), the square of the character
of which is equal to the character of s in ym, be associ-
ated with the element v and the matrix 4 (v)4 (f)—with
the element v of G, which does not belong to H (4 (#) is
the matrix, associated with the element ¢ of H in the
representation +.). The two sets of matrices 4(f);
+A(v)A(¢) in which matrices 4 (f) of vm are associated
with elements of H and matrices &4 (v)A4 (f)—with
element o, are two irreducible, nonequivalent repre-
sentations TV and T of G. In fact, as the diagonal
element of the matrix 4 (v) must be a root of the unit
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(G is a finite group) we have
') 2=[x' 0% Ix"@)P=Ix"®1,
and therefore
ZelX P=ZulxX O+Zalx () [*=2k=g. (11)

The same holds for the characters x”/ of I'"’. From the
definition of IV and T, it follows

X' O)=x"(1); x'()=—x"(),
and therefore
2ZoxX'X"*=ux' Ox" O)*+XZux' (w)x" (v)*=0. (12)

Equations (11) and (12) show that I'V and I'”/ are irre-
ducible and nonequivalent representations. It is clear
that I’ and I must be equivalent to I'y and Ty,
respectively, because they have the same characters on
H and only two nonequivalent representations are
furnished by ym. Therefore, the characters of I',,’ and
T, associated with an element » which does not belong
to H are

1 3 ’
x(vt)=d:zsm<t>=i(zsm<v2>) (), (13)

where x(uf) are the characters of I/, ', Z is the
element of the diagonal of the scalar matrix A(v),
£ () is the character of v.,, and / the order of v,

We now develop the method for the case of an
invariant subgroup of index 3. If we define two conju-
gate representations ¥; and ¥; to the representation v;
by means of elements » and 77! of (2), we can write in
this case the expression (4) as

x " =£i()+Ei(5)+E/ ().

Let us prove that if 4; is equivalent to v;, then ¥, is
also equivalent to v and all the three representations
are equivalent and vice versa; if 4; and v; are non-
equivalent, then all the three representations v;, ¥; and
¥; are nonequivalent. Indeed, let 4(s) and A4 (v~'sv) be
matrices of equivalent (nonequivalent) representations
v; and ¥;. If we construct conjugate representations to
v; and ¥; by means of the element », we obtain the
representations ¥; and ¥/, respectively. It is clear that
if v; and ¥; are equivalent (nonequivalent) then ¥; and
¥; will also be equivalent (nonequivalent). Now let us
construct conjugate representations to v; and ¥; by
means of 71, We obtain the representations ¥; and v;,
respectively. If y;and ¥;are equivalent (nonequivalent),
¥; and v; will also be equivalent (nonequivalent).
Therefore, the three representations v;, ¥, and ¥; are
either all equivalent or all nonequivalent and we can
divide all the irreducible representations of H into two
sets: a set of triads of conjugate nonequivalent repre-
sentations and a set of self-conjugate representations.
We can again prove as in the case of a subgroup of index
2 that if H contains # triads of conjugate representa-

(14)
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tions and m self-conjugate representations, they furnish
#n+3m irreducible and nonequivalent representations
of G.

The characters of the representations furnished by a
triad of conjugate representations of H are equal, ac-
cording to (14), to the sum of the characters associated
with the same element in the three representations v;,
¥;, and ¥; (the characters associated with elements
which do not belong to H are zero). For the characters of
the representations of G, which are furnished by the
self-conjugate representations of H, we have:

x@=En(0)
for element of vH  x(v)= (1) Z&a (1)
for element of vH x(v )= (1)}Z] &, (0).

for element of H
(15)

Here Z=[(1/0)§,(+*)]% and [ is the order of ym. The
formulas (13) and (15) hold in the case when it is
possible to associate with an element of G which does
not belong to H a scalar matrix. This case is important
in applications to space groups.

II. CHARACTER TABLES OF NONSYMMORPHIC
SPACE GROUPS

Any element of a space group can be written as {e|a}
(see p. 176 of work cited in footnote 1) where e is an
element of a point group and a is a translation. The
space group is a symmorphic one if it contains together
with every element {a|a} also the elements {a|0} and
{e|a} (eis the unit of the point group). If some element
{a|a} belongs to the space group, but the elements
{«[0} and {e]a} do not, the space group is non-
symmorphic.

Every space group can be represented by m cosets
(1) relative to the subgroup of translations H.

G={e|0}H+{a:|ar}H+ - - +{am|an1}H. (16)

In a symmorphic group we are able to choose the
representing elements

{e|0}7 {a1|al}! t '{am~1|a7n—1}

in such a way, that they are all pure elements of a point
group and form by themselves a group. This cannot be
done for a nonsymmorphic group and this is the reason
of the difficulty in obtaining the character tables of non-
symmorphic groups.

In order to be able to use the method of the previous
section, we have to know all the irreducible representa-
tions of an invariant subgroup of index 2 or 3 of the
space group. The character tables of symmorphic groups
can be obtained in a simple way and if a nonsymmorphic
space group contains an invariant symmorphic subgroup
of index 2 or 3, the problem is solved at once by our
method. More than 100 nonsymmorphic groups contain
an invariant symmorphic subgroup of index 2 and only

(17
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4 (C2,C4#,C',Ce®)® an invariant symmorphic subgroup
of index 3.

In order to show how to use our method for the other
nonsymmorphic groups, let us first note that all space
groups contain an invariant subgroup of index 2 or 3.
This is a consequence of the fact that all point groups
contain an invariant subgroup of index 2 or 3 (as one can

easily verify). Indeed, if a set of point group elements
C(18)

€, a1, "0y

of the representing elements (17) forms an invariant
subgroup of index 2 or 3 of the point group

€, a1, ' A1, (19)
then the set F of elements,
F={e|0}H+{c:|ai}H+- - - +{as|a}H  (20)

is an invariant subgroup of index 2 or 3 of the whole
group G(16).

TaBLE 1. Symmetry points in the Brillouin zone and the corre-
sponding subgroups of 0,2 and T*.

Representing elements Representing element

K: Ky K: of the subgroups of Oa? of the subgroups of T4
' 0 0 O Alltheelements (21) All the elements (22)
m k3 k3
R - — - All the elements (21) All the elements (22)
a6 e a
1r aa ca
X 0 -0 E, C¢s, Cetv, Ces, Cwv, E, {Cd"' —-0}{C4’V 0--
e Cav, Cow, Cy#v0 and 22 22
N : a a
their products with P { Celeo _}
2 2
T aa ] aa
M - -0 E, Ciz, Citv, Cg2%, C¢g, E,< C22[-~0 Cc’V‘O—-
o e Ca, Cyw0, Ciav® and 22 22
. ¢ a
their products with P {CP -0 _}
2 2
aa
A 0 K;0 E, Cav, Cev, Cdv, PC3=, E,6 < Cgv 0--}
PC s, PCyxte, PC17% 22
K: K: 0  E, Co2w0, PCy2s, PCo7w0 E
K: Kz Kz E, Cywz, C2avz, PC3w, E, {Cs¥2|0 00}, {C?2¥2|0 00}
PCg0%, PCyve
T a a
T -~ — K. E,Cs, Ce¢, C¥, PCi%2, E,<Ce2 -0—}
a a PC v, PCy2w0, PCyive 2 2
L4 a'a
Z K:— 0 E,Cg2, PCy, PCiv E, 4 Cq2z|—~ 0}
a 22
n
S  K,;~ Kz E,Ce%, PCgy, PCyi% E
a
ZA Ki: K:K: E, PCy® E
A K. Ky0 E,PCe E
ks
A - KyK: E,PC¢= E

a

¢ International Tables for X-Ray Crystallography (Kynoch Press,
Bilélg%ngham, England, 1952), Vol. 1, pp. 250, 278, 279; a. ibid.,
p. 307. :
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Therefore, we can use our method as follows. If an
invariant subgroup of a nonsymmorphic space group is
also nonsymmorphic, we have first to find the character
tables of the nonsymmorphic subgroup. This can be
done at once if the nonsymmorphic subgroup has an
invariant symmorphic subgroup of index 2 or 3. If not,
we repeat this process once more and so on until we
obtain an invariant symmorphic subgroup of index 2
or 3. Only for a few nonsymmorphic space groups we
must repeat this process three times.

As an illustration to our method let us find the
character tables of the space groups 0;2 and T* for the
symmetry points in k space. The group 0x2 has an
invariant symmorphic subgroup of index 2. This is the

group O Let
aaa
P=lz—~—}

222
be an element which contains the inversion and a
translation by a vector

( aa a)
222/
The representing elements of 0,2 relative to the subgroup
of translations then are all the elements of the point

group 0 and the products of its elements with the
element P:

0, PO. (21)

The representing elements of T* relatively to the
subgroup of translations are®®

{E]000}  {C#|000} {Cv+|00 0}
aaa |ea _|@ a
C42x ____] Caiyz __0 C32F:v: __O,_}
222 22 2 2
aa aa aa (22)
Cfvo—-} C#7%|0 - — cgﬁw——o}
22 22 22
a a _|a a | ¢ea
C422 —- 0_} Cszyz ‘0_ 032211: 0___},
2 2 2 2 22

where C 7 is a rotation about the x axis by = ; similarly,
Cv, Cg#; Cy2ve, C*¥*—are rotations about an axis in
the direction (111) by 120° and 240°; the other elements
C; have a similar meaning.

Let us now write Table I, which will contain the
symmetry points in the Brillouin zone and the corre-
sponding subgroups of 0,2 and T (we denote the
symmetry points as in the paper by Bouckaert, Smolu-
chowski and Wigner,” hereafter referred to as BSW).
The element C,**" in the Table I means a rotation about
the direction (110) by . A similar meaning is attached
to the other elements C,.

" L. Bouckaert, R. Smoluchowski, and E. Wigner, Phys. Rev.
50, 58 (1936).
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TaBLE II. Characters of the irreducible representations of the

ZAK

TaBLE IIL* Characters of the subgroup of 0 corresponding to

point group 0. the point R.

0 E 8Cs 3C2 6C: 6C; R E 8C; 3C¢ 6C: 6Cs P 8PCi; 3PCE 6PCs 6PCs
Ay 1 1 1 1 1 R 2 2 2 0 0 0 0 0o 0 O
Az 1 1 1 -1 -1 R 6 ¢ -2 0 O 0 0 0o 0 O
E 2 -1 2 0 0 Ry 2 -1 2 0 0 2 -~ 2 0 0
Fo 3 0 —1 1 -1 Ry 2 -1 2 0 0 =2 1 -2 0. 0
B 3 0 -1 -1 1

We now begin to obtain the character tables by 042
‘The tables for the symmetry points T, A, Z, A, ZA, AZ,
inside the Brillouin zone are the same as in the paper by
BSW ; one has only, for elements {«|a}, to multiply the
character of a by e™*2 (see p. 223 of work cited in
footnote 1).

To the points on the surface of the Brillouin zone
correspond groups which have invariant symmorphic
subgroups of index 2. In order to obtain the character
tables for them we have to write the character tables for
the representing elements of the invariant symmorphic
subgroup of index 2 to determine the conjugate and the
self-conjugate representations and to construct the
character tables of the group according to the method of
the previous section. Let us do it for the point R. The
representing elements of the symmorphic subgroup are
the elements of the point group 0. The characters of 0
are given in Table IT.8

In order to find which of the representations in
Table IT are conjugate and which self-conjugate let us
find the connection between the characters x(a) and
x (P 1aP) for the point R (@ is an element of 0 and

aaa
r-(1222),

222
PEP=E;

PGP ={Cy*+|0 0 0} ;
PICEP={C&|0aa};

x(P7EP)=x(E)
x(P1CsP)=x(Cs)

x(P-1C2P)= exp[i(lr-ll) G]X(C42) =x(C¥)
a a
PICy 0P ={Cy®|00 a};

x(P‘ICzP)=eXP(i£G)x(Cz)=—x(C2)

s In Tables II1I-X the characters for the representing elements are given.

PICyP= {Cﬁ[O a 0};
x(PIC(P) =exp(i7—ra)x(C4)= —x(Cy).
a

From the connection between the characters one sees
that there are two pairs A1, 4,, and Fy, F» of conjugate
representations and one self-conjugate E. We obtain,
therefore, 4 irreducible representations for the point R:
two representations (one of the order 2 and one of the
order 6) furnished by the two pairs 4, A: and Fy, Fs of
conjugate representations and two representations of
order 2 furnished by the self-conjugate representations
E. The characters of the first two representations are
equal to the sum of the characters associated with the
same element in the conjugate representations (formula
7). The characters of the two representations (Rj, Rsin
Table III), which are furnished by E, are equal to the
characters of E for the elements of 0; for the elements
Pa we obtain according to (13) : x (Pa) = =%x (&) because
P2=FE (E—unit) and x (P?) =1. Therefore, the character
table for the point R is Table III.

In a similar way we obtain the character tables for the
other points (Tables IV-VII).

Let us now obtain the character tables for the
representing elements of 7% We shall write tables only
for the symmetry points on the surface of Brillouin zone.
The groups of the points I' and Z have. invariant
symmorphic subgroups of index 2 (the group of trans-
lations) and for them we obtain the character tables as
for the group 0,2 For the points X and M we have to
use our method twice and for the point R three times.
Let us construct in detail the character table for the
point R. The group of the point R has an invariant
nonsymmorphic subgroup of index 3 [the first column in
(22) with all translations]. We denote this subgroup by

TasLE IV. Characters of the subgroup of 04 corresponding to the points X and M.

X E Cf*Ces C&v Co*0Cy 790 CyCev P PC2=PC2*  PC2v  PCFWPCFW PCyPC3v
M E C ‘izc ‘Zv C ‘ls C 4’C ‘33 C,swczzyo P PC 42::})C 421/ PC. 423 PC 4% PC ‘3: PczszC2?y0
M, X, 2 0 2 0 2 0 0 0 0 0
M, X, 2 0 2 0 —2 0 0 0 0 0
M: X; 2 0 -2 0 0 2 0 -2 0 0
M, X, 2 0 -2 0 0 -2 0 2 0 0

8L, Landau and E. Lifshitz, “Quantum mechanics” (Pergamon Press, London-Paris, 1958), p. 339 (translated).
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H. Tt has a nonsymmorphic invariant subgroup of index
2 [the two first elements of the first column in (22) with
all translations]. We denote it by F. The group F has an
invariant symmorphic subgroup of index 2 (the group of
translations) and the characters for the representing
elements of F are in Table VIII because

aa |?
{C(h “2'"50} ={E|e 00}

and

{ie
22

ea ?
-—o} ]=x{Eia00}=exp[i(vr/’a)a]=-1:

In order to obtain the character table for the repre-
senting elements of H, let us note that we can write H
as follows:

aa
H=F+lC42ﬂ 0«»}F.
22

The representations ¥ and F, in Table VIII are conju-
gate because

ga)™? aa aa
Cev|0~-- {c.?z -0 cavlo—-
22 22 22
a a aa ’ ‘
=1C# "‘5, “‘5, at=3C* -2-50 {EE —a, a, —a}
TaBLe V. Characters of the subgroup of 0, corresponding to
the point T.
E  CeCé Cif* P PCP*PCEv PCy*WPCy*w0
T 2 0 2 0 0 0
T: 2 0 -2 0 0 0

TasLe VL Character of the subgroup of 0 corresponding to the

points Z and S.
Z E Cee PC2y PCE:
S E Cy*02 PCav PCy#%
2 0 0 0

Tasre VII. Characters of the subgroup of 0;? corresponding to

the point 4.
A E PCa
(3
4 1 exp i(ky'f'k;)a
7
As 1 exp| — (ke
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TasLE VIIL Characters of the subgroup F.

aa
ces ——-0}
E 22

Fy 1 i
Fy 1 -3

Tasire IX. Characters of the subgroup H.

ae aa a a
c42z -0 C‘ﬁu 0-- C‘Zz -0_
E 22 22 2 2

2 0 0 0

TaBrE X. Characters of the subgroup of 7* corresponding to

the point R.
aa
()

R E Csv# Cgove 22
Ry 2 -1 -1 0

2xi 4ri
R 2 - eXP —3— -exp(-—3——) 0

4ri 2xi
R 2 -~ EXp (——3—) - EXp '";) . v 0

and the character

aai™t
el e

a¢a aa
]
22 22 22

T T W a
= exp[ia( —~+———)]X{ CH
a @ @

a
~_o}
22

— _X{C42z

aa
“o}.
22

Therefore, for the representing elements of H, we obtain
Table IX.

From here it is easy to find the character table for the
point R of the group T™* if we note that

T4=H+C3xyzH+CazzyzH'

As (C3#v9)8= E we have in the expression (15) Z=1, and
therefore it is easy to write the character table for R
(Table X).

Note that we have actually obtained the character
tables for all symmetry points on the surface of the
Brillouin zone. In fact, Table IX corresponds to points
X and M and Table VIII to points T and Z.
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Seme general relations for two-component spinors in general relativity are derived in an attempt to solve
the problem of Rainich for this case. A set of algebraic equations allows us in principle to express the current
vector in terms of the energy-momentum tensor, and thus in terms of the Einstein tensor, but we have not
succeeded in solving these equations except in a special frame of reference. Weyl’s equations are expressed
in terms of the current vector, its derivatives, and the energy-momentum tensor. In the last chapter, the
determination of the spinor variables themselves is studied.

1. INTRODUCTION

HIS paper is concerned with a study of classical
two-component spinors in the covariant for-
malism, and we will adhere, with some exceptions, to
the notation of Infeld and van der Waerden!: spinor
indices which may assume the values one or two will be
denoted by greek letters a, 3, - - -, and a dotted index
indicates that the transformations of the spinor with
respect to this index have to be performed with the
conjugate complex transformation coefficient: in par-
ticular, we will assume that a spinor with dotted
indices replaced by undotted one’s and vice versa, is
equal to the conjugate complex of the original spinor.
The metric tensor gnm reduces in a galilean frame of
reference to goo=1 and gu=ga=gsu=—1.
The fundamental equations are Einstein’s equation,

an_%gnmR=_Tnm (1)
with
Tmn= i{an&p(#’&; m¢ﬂ_¢fl¢ﬂ; m)
+onf (1//&; n‘pﬁ—¢&¢ﬁ: n)} (2)
and Weyl’s equations,?
Wﬂ=0'"&ﬁ¢&;n=0 (3)
W= gnityy, =0, 39

where ¢"*f are the generalized Pauli matrices. They are
hermitean, i.e., ¢"%® is the conjugate complex of o"f,
and satisfy

,Y&ﬂ(a.n&ﬂo.mliv_f_a.m&ﬁa.nﬂv) — Zgnm,yﬂv’ (4)
as well as
gneBg iy = Dy iy B, (5)
Here, vqs is the alternating spinor®
YaB= —7YBa (6)

* Supported in part by the Aeronautical Research Laboratory
of the U. S. Air Force,

1L, Infeld and B. L. van der Waerden, Preuss. Akad. Wiss.
(1933), p. 380.

2 H. Weyl, Z. Physik 56, 330 (1929); see also W. Pauli, Encyclo-
pedia of Physics (Springer Verlag, Berlin, 1958), Vol. V/1, p. 149.

3 Not a spinor density. We will not use Infeld and van der
Waerden’s alternative approach.

o8 is defined by
(7

and similarly for the dotted alternating spinor yag. The
two Kronecker spinors 8% and 8% are both equal to
unity if their indices are equal, and otherwise they
vanish. The alternating spinors are used to lower and
raise spinor indices according to the convention

Va=78¥?; «=ry*ffs, (8)

where the second equation is, of course, a consequence
of the first, and the order of the indices has to be kept
in mind.

The covariant differentiation indicated by a semi-
colon in Egs. (2) and (3) will be specified later. We only
mention that covariant derivation of any tensor shall
be understood here as being formed with the ordinary
Christoffel brackets. These quantities are also used to
form the Einstein tensor in Eq. (1).

The specific form of the left hand side of the Einstein
equations, however, will not concern us greatly in this
work. Most of our studies will hold also in the presence
of other physical systems, which possess energy and
momentum, provided these systems do not interact
with our spinor field. We could use instead of Eq. (1),

an_%gﬁmR'*_onm: - Tnm; (9)

and add to Eq. (3) other field equations which control
the variables on which 8., may depend, but a de-
pendence of 8., on Yo Or ¥, is specifically excluded in
the following considerations.

VoY ap =068,

2. OUTLINE OF THE PROBLEM

The recent progress in the theory of elementary
particles has established the usefulness of the two-
component theory for the description of neutrinos.
Stimulated by this progress, Brill and Wheeler* carried
out a theoretical study of the two-component neutrinos
in the gravitational field. The present paper has little
bearing on these physical problems. The purpose of
this work is to carry out the Rainich procedure for

4D. R. Brill and J. A. Wheeler, Revs. Modern Phys. 29, 465
(1957); see also P. G. Bergmann, Phys. Rev. 107, 624 (1957).
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the simplest spinor field.* We formulate our program
as follows: to find the necessary and sufficient conditions
for the Einstein tensor® to be equal to the energy-
momentum tensor of a two-component neutrino field
in an arbitrary space-time domain. By assuming we
know the Einstein tensor, we can then decide at once
whether its nonvanishing is caused by the presence of
neutrinos. More ambitiously, we can try to find an
explicit representation of the spinor field in terms of
“geometrical” quantities, like the metric tensor and the
Einstein tensor. The Weyl equations will then appear
as differential equations in terms of the geometrical
quantities and the spinor would appear superfluous.
Such a program is obviously subject to some limitations;
for example, a constant phase factor of ¥, remains
arbitrary both in Einstein’s and Weyl’s equations, and
cannot possibly be determined. Also, the phrase
“geometrical” quantities needs further clarification. We
cannot hope to represent the spinor ¥, in terms of
tensors and must expect the appearance of ¢"*f and
of vas and other derived spinors. Regardless of how
geometrical these quantities may appear from a mathe-
matical viewpoint, they certainly lack any geometrical
significance in terms of rods and clocks. In particular,
we hope to determine the spinor only up to an arbitrary
spinor transformation, and the latter is less physical
than a coordinate transformation. These spinor trans-
formations still do not exhaust the arbitrariness. The
generalized Pauli matrices are fixed by Egs. (4) and
(5) only up to a sign, and the transitions from the one
to the other are not equivalent to a spinor trans-
formation. Or, we can say that there is no spinor
transformation which compensates the changes in the
o’s due to a reflection of any one coordinate.

If we ignore these unavoidable ambiguities for the
moment, the solution of our problem would give the
unification of neutrino fields and the gravitational field
in the same sense as Rainich’s unification of electro-
magnetism and gravitation. The main point in favor
of these unified theories is their conservative feature.
Even if the unification does not lead to an altogether
new picture of the universe, at least a classical theory
has been looked upon from a different angle, and this
may deepen the understanding of an old picture.

There is one other aspect worth mentioning. We
cannot easily insulate space-time domains against
neutrinos, and the energy-momentum contributions
resulting from neutrinos are to a certain extent un-
avoidable and uncontrollable. One might eventually
have use for a “phenomenological” Einstein theory, in
which only controllable energy and momentum enter;

8 The Rainich procedure was originally developed for the
electromagnetic field coupled to the gravitational field: G. Y.
Rainich, Trans. Am. Math. Soc. 27, 106 (1925); G. W. Misner
and J. A. Wheeler, Ann. Physik 2, 525 (1957); L. Witten, Phys.
Rev. 115, 206 (1959); see also D. Sharp, Phys. Rev. Letters 3,
108 (1959).

6 Or rather the sum of the Einstein tensor and a possible addi-
tional tensor 8. as explained in connection with Eq. (9).
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in other words, a suitable average of the Einstein theory
over unknown contributions, as for instance, neutrinos.

3. CURRENT_VECTOR

To avoid the ambiguities as far as possible, it appears
advantageous to study the tensors associated with the
spinors. One is led immediately to consider the current
vector

Jr=a"*RYups (10)
with the property
JnJn=0. (11D
By choosing the Pauli matrices in a local galilean frame
of reference, we can see that this vector determines ¥,
up to a phase factor at the point under consideration.
We now introduce a geodesic frame. The 16 ordinary
differential quotients J» ,, are not independent and do
not determine Y, .. In fact, four more quantities are
needed to fix the components of the gradient of the
phase factor. These four quantities can be obtained
from the energy-momentum tensor (as a rule, the
diagonal elements will suffice) which is supposed to be
known, since it is equal to a geometrical quantity. We
conclude that J» and J~ ,, suffice to determine ¢, and
Va,m at a fixed point up to a phase constant.

Since the differential quotients ¥, are restricted by
Weyl’s equations,” we expect more differential con-
ditions on J", and possibly the energy-momentum
tensor.

Somewhat surprisingly, it is possible to derive co-
variant algebraic relations for J», which hold inde-
pendently of Weyl’s equations and involve, besides J*,
only the geometrical quantities gam, Ram, and Ram; .
They allow us in principle to calculate J» everywhere,
and thus to calculate their derivatives, although we
have not succeeded in doing this explicitly. They
certainly imply some limitations on the Einstein tensor,
but, again, we have been unable to formulate them
covariantly. We defer the problem of how to calculate
the spinors from these relations, and give now their
derivations.

We state first a representation of the alternating
tensor density e"”P?in terms of the o

enmPa=1i(— g)i(g"ePgmEr — g EBg V)G P 100 0s,. (12)

The proof of this representation is straightforward in
a particular frame of reference. We introduce the tensor

Unm:"'néﬁ(‘pé:fn‘/’ﬂ_‘p&‘l’ﬂ;m): (13)
whose symmetric part is essentially the tensor T'n.

Tmrl= @(Unm'i' Umn); (14)

7 These restrictions on the ¥, m are still not sufficient to express
Va,m in terms of J* » without also using some components of the
energy-momentum tensor.

( 8. Bergmann and L. Witten, Bull. Am. Phys. Soc. 3, 368
1958).
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and derive
em?al] ,J =i (— ) (JmT " — T T™,). (15)
The next step is the derivation of
TppJ ™= (16)

from Eq. (2), and this is quite elementary. For further
reference we note here also

T s pJ "I TP=0, a7

but we will not derive this equation now. Obviously,
Egs. (11), (16), and (17) do not suffice to determine J™.
Since Eq. (16) holds identically, we may differentiate
it '
T T gy g= = 2J 7 o J™T (18)
and we multiply this equation with JT p.ePe:t],, and
replace J*;,J, by

I o Je=J g "—1(—g) e U J”
because of Eq. (15). The first term of the right-hand

side in Eq. (19) will not contribute in Eq. (18) because
of Eq. (16) and we get

@9t T T o "I s q
=2i(—g V"

(19)

T oI T nmeP s e, U0 J,.  (20)

We use now the well-known expansion formula for the
product of the e densities, and omit at once terms
containing g#*. The right-hand side of Eq. (20) reduces
even more if we use also

T Umm=0, 1)

and thus

iU =T ] . (22)

Consequently, we obtain for the right-hand side of
Eq. (20)

2i(—g) I T pud T gm(UP?—g??U?,). (23)

OTTO BERGMANN

By inserting into Eq. (20) and expressing U*™ by
T we get finally
e?? ] J T 5o J "I T m; g

Jt= ) (24)
(=WT pp T ym(TP?—g?T)

where the trace of the energy-momentum tensor

T=T, (25)

vanishes because of Weyl’s equations. We may replace
the energy-momentum tensor by the Einstein tensor—
assuming that no other physical systems are present
—and obtain relations between J™ and geometrical
quantities.

We have not succeeded in solving for J* explicitly,
but the following considerations clarify the contents of
Eq. (24) sufficiently. First we notice that Egs. (11),
(16), and (17) are actually contained in Eq. (24) and
that there is only one further equation, Eq. (24), of
interest. Whereas Egs. (11), (16), and (17) are homo-
geneous in J” and can give only the ratios of three
components to one particular one, the remaining
equation, Eq. (24), should give us the absolute values
of J». We evaluate J" in a special geodesic frame with
Ji=7J%2=0, and consequently

Jo=sJ3 (26)
with
s==1, 27)
We get from Egs. (11), (16), and (17)
Too+25T o3+ T53=0, (28)

5T 00,027 03,057 33,0+ T 00,3+ 25T 03,3+ T '33,3=0. (29)

For the Einstein tensor to be equal to the energy-
momentum tensor of a two-component spinor field, it
must. be possible to satisfy Eqs. (28) and (29) with
Eq. (27) after a suitable rotation of the spacial axis of
the coordinates. The last Eq. (24) is

(sT10+T13)°Tae—2(sT10+T'13) (sTo0+T28) a2+ (sTo0+T'23)2T 11

Since s was determined by Egs. (28) and (29), we know
J?3 and thus J° from Eq. (26). We reached a physical
solution in a unique way, and we conclude that any
other solution of Eq. (24) must give complex values for
J%and J3.

If o748 is known, we can find ¥, from Eq. (10) up
to an arbitrary phase function. But not any ¢"%# which
satisfies Eqs. (4) and (5) will be acceptable. If, for
instance, J°<0, we cannot have for ¢°*# the unit matrix,
because with this choice J° is necessarily positive or
zero. We will have to choose for ¢°#f the negative unit
matrix and, in general, ¢**¥ may well change sign by
going from one point of space-time to another point.

We note finally that Eq. (24) is invariant with respect

o (5T 20+ T28) (Too;1+25T 031+ T'a3;1) — (sT10+ T1s) (To0, 2+ 25T o3, 2+ T s, 2) .

(30)

to the substitution
Tom*=Tpm— (JnBn+JmB), (31)
where B, is an arbitrary vector field. One obtains the
same J* for T,.* as for Tpm.
4. WEYL EQUATIONS

The equations of the previous section hold inde-
pendently of the field equations for the spinor field.
We have mentioned already that

T=0 (32)

is equivalent to one of these Weyl equations, and it is
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easy to see that the conservation law, which follows
from Eqgs. (10) and (3),

(33)

is equivalent to another Weyl equation. If we had
succeeded in solving Eq. (24) explicitly, we could have
expressed Eq. (33) in terms of T,m, or the Einstein
tensor alone.

The last two equations do not exhaust the contents
of Weyl’s equations. The latter determine the time-
development of the four quantities ¥4, once they are
known on a spacelike hypersurface. It would be
desirable to have Weyl’s equations expressed in terms
of the current vector because such relations would
supplement the algebraic equations (24), and would
bring us nearer to the formulation of the necessary and
sufficient conditions on T, Although we have not
been able to use the tensor formulation of Weyl’s
equations for this purpose, we will derive them here
for the sake of completeness.

We use Eq. (12) to form e,.?%/,, and make use of
the anticommutation relation (4) and the definition
(13) to obtain

e"""qul’? q=i(_g)%(Unm"‘ Umn)
- 1'% (—' g)i (andﬂumixv— Um&ﬂo'm‘zv) Ws
+1:% (— g)%(a'nma'm&v- U'm‘ho'nay)W&l//,‘.,

where W= and W* are supposed to vanish because of
Weyl’s equations. If y»=0, J*>0 and J°>0, assuming
that ¢%f is the usual z component of the Pauli matrices
and ¢%% is the unit matrix. In such a frame only four
of the six Egs. (34) remain independent, and these
allow us to calculate W< and W since the determinant
is essentially (¥1)%(¥1)% and thus its vanishing would
give a trivial state with no neutrinos present at all. We
conclude then that the Eqs. (34) with W2=W¢é=0 are
equivalent to Weyl’s equations

fnmm]ﬂ:q=1:(’_g)%(Unm"‘ Unm)-

(34

(35)

It remains to eliminate the tensor U, in terms of Tpm
and J,. To this purpose, we form

Jp=i(_g)%(]mUna_JnUmc) (36)

enmquq; &

and add expression (36) with z and s exchanged, and
once again expression (36) with m and s exchanged

Jp(fnm”qjq; s+€amquq;n+5nqu]q:fn)
='1'(”“g)*(Unm_ Umn)-’s"l" (“g)*

X (I mTne~T2Tms). (37)

Insertion into (34) gives the desired, though not very
simple, relation. Of special interest is the equation
equivalent to (32):

enm? 5o "= (— T amI ™= —3 (= g)¥TT.=0. (38)
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S. AFFINE SPIN CONNECTION

In this section we will examine the question of the
determination of the spinor field by the current vector
and afterwards, in the appendix, sketch the derivation
of the conservation law for energy and momentum.

So far, covariant differentiation of spinors was not
specifically defined and Infeld and van der Waerden’s
definition could have served as well as some other
convention. We will now assume?

Yag;n=0, (39

which results in a spinor analysis slightly different from
Infeld and van der Waerden’s, but is more convenient
from our point of view. The definition of covariant
differentiation is, of course, the standard one; for
instance,

A&ﬂ;n=A&ﬁ,n'l'réﬁnAﬂﬁ_I‘"ﬁnA&w (40)
and we assume also

"4, =0, (41)

By writing (41) in full, multiplying it with oa:vyga, and
subtracting an equivalent expression with N\ and gk
exchanged, we get, with the help of (39),

re im= % (a-"&ﬁ m+ { P m}a'paﬁ)a'nxﬁ
'liadi'yk“'y)\u,m- (4'2)
We examine a special spinor transformation,
Yap' ="Yap €Xp (i), (43)

where ¢ is a real scalar function of the coordinates.
Because of (7)

vof =P exp(—id), (44)
and, by definition,
'Yaé'=‘7aﬁ exp(—ie). (45)

The o spinor-tensor is obviously invariant with respect
to such phase transformations,® but the affine con-
nection transforms according to

T &im, = P&im'- 'b%a &k¢ my (46)
and the spinor y; according to
Vo' =yYa exp(—4ig). (47)

Covariant differentiation of a spinor was defined so as
to make Y4 a spinor-tensor of the indicated rank and
a phase transformation implies, therefore,

Van =Van exp(— i), (48)

° W. L. Bade and H. Jehle, Revs. Modern Phys. 25, 714 (1953).

10 A more general formalism with a reoommendabie distinction
between phase and gauge invariance has been given by H. A.
Buchdahl, Quart. J. Math. (Oxford) 9, 109 (1958), but the above
formulanon is quite sufficient for our purpose and the phrase

“phase transformation” will be used only in the restricted sense.
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We assume now that ¢"%® and gn. are given, and
that some .3, which satisfies Eqs. (4) and (5), is also
known. Any other v.s' connected with yas by (43)
could be used as well, but we will fix our attention at
one arbitrarily choosen v.s and calculate the corre-
sponding affine spin connection I'%s, from (42). The
tensor formulation of the theory allows us to calculate
the spinor field everywhere up to an arbitrary space-
time dependent phase factor. Although we also know
the ordinary differential quotients of the spinor vari-
ables, we do not know yet the covariant differential
quotients, because the chosen v.s and the calculated
¥.* may not be—and will not be except by a peculiar
coincidence—in the same phase frame. We still have to
find the ., which belongs to the same phase frame as
the choosen v,

Ya=ys" exp(—3ig) (49)
and
Van= (an*—3Wa*¢,n) eXp(—3ip), (50)
where the semicolon stands here, as before, for the
covariant differentiation (40) formed with the I'44,
from the chosen vas. We see that expression (2) calcu-
lated for the y.* will not be equal to the given tensor
T pm. In fact,

Tnm= Tnm*+ (Jn¢,m+—7m¢,n)7

where T'n»* is expression (2) formed with ¢;* and Y, »*.

The appearance of the unknown phase function has
been anticipated at the beginning of the third section.
‘We stated there that the J” , in a geodesic frame does
not determine ¥, ., but that the still unknown gradient
of the phase function at the point of reference can be
found from four components of the energy-momentum
tensor. With the help of the current vector, we have
found ¢e.,.*, but this is not yet the final result and we
again have to use the given energy-momentum tensor
in Eq. (51) to complete the solution.

Another way of explaining the same difficulty is by
recalling that the specific form of the covariant dif-
ferential quotients was irrelevant for our considerations
in Secs. 3 and 4, and we could have implied all the time
the more general formula,

Yan=Va,n— I“aanlﬁp— %’I:Bnlpa

with B, an arbitrary vector field."* The current vector
gives no information about B, and some y,*, which
satisfies Eq. (10), need not give T'»» when inserted in
the expression (2). An equation just like (51) will have
to be solved to determine B,.

1

(52)

1t See Buchdahl, footnote 10. The wave equation [J¥,=01in a
geodesic frame is obtained only if B, is the gradient of a scalar.
The expression (42) for I'%g, may still hold because it rests on
Egs. (39) and (40), if the semicolon stands there for covariant
differentiation without the B, term. Besides phase transformations
as spinor transformations we could envisage phase transformations
performed only on B,'=B.+¢, » and ¥’ =4 exp(—3}ie), but not
0on Yagp-

OTTO BERGMANN

The invariance property (31) is not true for (35)
with (37). This explains why we do not need to solve
additionally to (51) the set of equations,

We= (W*—}ic"iays*o ) exp(—}ig)=0, (53)

“although the ¥.* will not satisfy Weyl’s equations.

But Eq. (35) is a consequence of W==0 rather than of
We*=0, and already takes into account the vanishing
of the bracket in Eq. (53). Moreover, Egs. (35) and
(37) should be viewed as relations between 7', and its
derivatives, which could be written down if only we
knew the algebraic solutions J» of Eq. (24).%2

Our task would be to show the uniqueness of the
solution ¢ of (51) up to an arbitrary constant, and
exhibit the integrability conditions. This can be carried
out only to a rather limited extent as long as we do not
know J* as function of T, and, more important, T,,*
as a function of J*, and thus of T.. The implication of
(51) that the matrix Tpm— Tnn® can have at most the
rank two is, of course, already contained in our state-
ment that ¥.*, which was obtained from J*, can differ
from the correct ¢, at most in the phase factor. The
easily derived consequence of (51),

(Tnm_ Tnm*)]mz - %T*Jna (54)
where T* is the trace of T..*, is also contained in a
previous statement ; the first part of Eq. (38) will hold
also for Tun* and 7%, and J* and J”,,, are the same,
whether formed with ¢, or with ¢,*

enmPl pgJ ™= (= N (T nn*—~3T*gnrm)J™.  (55)
By subtracting Eq. (38), we regain (54) without having
used (51).

6. CONCLUSIONS

The studies presented in this paper may be divided
into three parts. The first part, which culminates in
the four algebraic equations (24) for the current vector,
is of interest even apart from Rainich’s problem. We
have shown the contents of these equations by intro-
ducing a special coordinate frame in terms of the current
vector. Although the results of this procedure are
conclusive, it would be desirable, and it is essential for
the Rainich formulation of the theory, to solve these
equations in a covariant form and this may well be
possible with the help of more sophisticated methods.
The second part of the paper was devoted to a study of
Weyl’s equations expressed in the current vector.
Although we have found such expressions, some of them
are obviously redundant. The final form (35) with (37)
contains 24 equations of which only 4 can be relevant.
It would be desirable to find a more economical way
of writing Weyl’s equations in tensor form, without

12 1t would seem possible to replace Eq. (51) by Eq. (53) to find
the correct phase, but we have not analyzed the steps to justify
this attitude.
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introducing new variables since the main point in favor
of our method consists in operating with physically
meaningful tensors and this feature is worth preserving.
The third part of the paper deals with the calculation
of the spinors themselves. Apart from a mathematical
incompleteness of our studies, the attitude of taking
o"*# as a given quantity, subject to the Eqgs. (4) and
(5), is unsatisfactory because the original choice may
turn out to be unacceptable. Since ¢"% cannot be
measured, one ought to show how to derive it. The
connection between spin-curvature tensor and Riemann
tensor would be important for this problem.

The necessary and sufficient conditions for T.m
which we were unable to write down would provide us
also with the answer to our question for a phenomeno-
logical Einstein theory in which neither the spinor field
nor the derived tensors like the current vector enter.
We would substitute for 7., the expression on the
left-hand side of Eq. (9) and so obtain the required
relations. Of course T,.,=0 will be one trivial solution
corresponding to the usual Einstein equations in the
absence of a neutrino field. But the general equations
are, in any case, too complicated to be of any use.
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APPENDIX
We recall here the derivation of

Ty =0 (A1)

corresponding to the contracted Bianchi identity of the
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Einstein tensor. With (2) we obtain for (A.1),
"B (Yo malp— Y a8, mn)

Fon*® (YsOva—yaOys) =0, (A.2)

where [ stands for the covariant d’Alembert operator.
By definition,

‘pﬁ;mn:‘fi’ﬁ: nm+Paﬁmn, (A3)
where P%g,,, is the curvature spinor,
Paﬁmn= —raﬂm,n_l_raﬁn,m'*‘r‘“ﬂnra#m_I‘Hﬁmra#n. (A.4)

We find

U"&'g:pq—'“”&ﬂ:qp=0mdﬂanqp+U"ﬁﬂP&ﬁqp
+am®P8,.,=0 (A.5)

and

=1
PPoagp=—10nta0™*R"ngp

(A.6)

since P%,,,=0. Insertion into the first term of (A.2)
leads, after some manipulations and use of (12), to

(A7)

and this vanishes because of the cyclic symmetry of
the Riemann tensor. To show that the second bracket
in (A.2) vanishes, we derive the iterated Weyl equa-
tions. Applying ¢™:8/8x™ on (3) and again using (A.3)
and (A.5)

D‘I’u+%amaﬂ”n&xa'qiﬂa'p)‘“qunm\Pn': 0.

3i(— g)—%fmqurRmnqm

(A.8)

Repeated application of the anticommutation relation
gives

a™88g 380 P MR, = 2a PR (A.9)
and thus

D¢x+%R¢x=0y
which completes the proof of (A.1).

(A.10)
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This paper is a mathematical examination of the linearized small
disturbances in the steady distribution fo(q) of the velocities q of
the electrons in an electrostatic, collisionless plasma with motion-
less protons. It is assumed that go(u) = /S fo(u,7,w)dvdw has an
integrable derivative with respect to # for all axis orientations. An
existence and uniqueness theorem for the initial value problem is
given, and it is shown that no disturbance can grow faster than
expwpt, where w,, is the electron plasma frequency. Consequently,
one can base a stability theory on Laplace transforms with respect
to time, as Landau has done. The limits of validity of Landau’s
stability criterion are explored: that go(«) is stable if there are no
wave numbers % for which £ (s) = F%w,2— J_% go' () (u—s)"'du has
zeros in the upper complex s half-plane. To ensure instability, the
zeros must have positive imaginary parts or a multiplicity of 2 or
greater. To insure stability, the initial disturbance must be not
only integrable, but square integrable with respect to u. The
Maxwell distribution is unstable to certain integrable disturbances.
All isotropic, three-dimensional distributions fo(q)=%(g?) for

which xt2(x) is absolutely continuous and square integrable, and
h(x)+2xk () is bounded, are stable to integrable,square integrable
disturbances. This explains Van Kampen's ability to solve the
initial value problem by superposing normal modes (solutions with
complex, exponential time dependence) with real frequencies; he
implicitly introduced stability by considering only isotropic dis-
tributions fo(q). His method is extended to unstable fo as a
technique independent of Landau’s for solving the initial value
problem. If f; is unstable, the normal modes are not complete, and
a normal mode analysis can lead to erroneous positive conclusions
about stability. Finally, the linear theory predicts that in stable
plasmas the neglected term will grow linearly with time at a rate
proportional to the initial disturbance amplitude, destroying the
validity of the linear theory, and vitiating positive conclusions
about stability based on it. In a thermonuclear plasma with
T=10% °K and N=10'¢ electrons/cm3, a disturbance of wave-
length 1 cm and initial amplitude 1 v can no longer be treated by
the linear theory after 220 usec.

L INTRODUCTION

HE present paper is devoted to a mathematical
examination of two schemes, Landau’s! and Van
Kampen’s,2 which have been proposed for finding the
time dependence of the electrons’ Boltzmann distribu-
tion function in a nearly neutral, nearly steady, nearly
homogeneous plasma of infinite extent in which the
effects of short-range collisions, magnetic fields, and the
motions of the protons are neglected. With these ap-
proximations, the electrons’ motion is entirely deter-
mined by the average electrostatic field they set up, and
their Boltzmann equation is linearized. The mathe-
matical problem is then to determine from its initial
form the time dependence of the small perturbation in
the electrons’ Boltzmann distribution function, given
the form of the steady, homogeneous, neutral electron
distribution which is being perturbed. Since collisions
are neglected, this steady distribution can have any
velocity dependence as long as it is independent of posi-
tion and provides enough electrons for electrical neu-
trality when combined with the background of motion-
less protons.

Van Kampen’s approach to the linearized problem
consists in finding the normal modes of the linearized
Boltzmann equation (those solutions whose time de-
pendence is sinusoidal) and writing the initial perturba-
tion as a superposition of normal modes. Van Kampen
never explicitly restricts himself to stable plasmas, and
yet his results are false for unstable ones. We will show
where he has limited his theory to stable plasmas and

* Part of the work described in this paper was supported by the
U. S. Atomic Energy Commission while the author was at Project

Matterhorn, Princeton, New Jersey.
1L, Landau, J. Phys. (U.S.S.R.) 10 25 (1946).
2N. G. Van Kampen, Physica 21, 949 (1955).

how to modify it so as to apply to unstable ones. It turns
out that for an unstable plasma, the real and complex
exponentially time-dependent solutions do not always
form a complete set, and as a result all the disturbances
with such time dependence may be bounded while other
disturbances grow with time.

Because of this situation, Landau’s Laplace trans-
formation of the linearized Boltzmann equation with
respect to time seems the simpler way to approach the
problem, and we will follow Landau in most of the
present paper. We propose to study four questions be-
sides Van Kampen’s normal mode approach.

First, in Secs. III and IV we prove an existence and
uniqueness theorem for the linearized initial value
problem. This is necessary because a priori that problem
might have solutions which grow too rapidly to have
Laplace transforms in time; such pathological solutions
would be missed in a stability analysis based on Laplace
transforms. We succeed in proving that all disturbances
grow at rates slower than the plasma frequency, and
hence do have Laplace transforms.

Second, in Sec. V we examine in detail Landau’s
criterion for the stability of a neutral plasma. It turns
out that the results depend heavily on the smoothness
of the initial disturbances which are allowed.

Third, in Sec. VI we apply Landau’s criterion to
several examples. In particular, we show that any
1sotrop1c, steady, homogeneous electron velocity distri-
bution is stable. Van Kampen’s restriction of his dis-
cussion to such distributions means that his arguments
must be reconsidered for unstable distributions. This
reconsideration occupies Sec. VII.

Fourth, in Sec. VIII we show that the neglected
nonhnear terms in the Boltzmann equation grow linearly
with time at a rate proportional to their initial ampli-
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tude. In a typical thermonuclear plasma, an initial
disturbance which produces a potential of 1 v will have
changed in such a way as to vitiate the linear theoryina
time of the order of msec.

The problem under discussion is physically simple and
mathematically intricate, but not difficult in principle.
The justification for treating it in the present detail is
that it is the simplest example of a large class of plasma
problems in which collisions are neglected and the
Boltzmann equation is linearized. In the present in-
stance, the mathematical consequences of these ap-
proximations can be discussed in detail.

II. BASIC EQUATIONS

Let the number IV of positive ions per unit volume be
independent of time and position. Let N f(r,q,f) be the
number of electrons per unit volume of velocity space
and per unit volume of real space which have position r
and velocity q at time £ Assume that f(r,q,t)= fo(q)
+ f1(r,q,t), where f1<fo and fo(q)>0, and, to ensure
electrical neutrality of the undisturbed plasma,

[ @ia=1 )

In neglecting short-range collisions and magnetic
fields, the Boltzmann equation for fis

@)

where e and m are the electronic charge and mass, and
the electrostatic field E is given exactly by

E(l’,t)=—eNf !:::’ladr’f_ﬁ(r"q’,t)d(]', 3)

If products of terms of the order of f; are neglected, (2)
becomes

g ———E-—=0, @)

Now let fi(k,g,?) be the Fourier transform of fi(r,q,f)
with respect tor

fl(k;q)t) = ffl(r,q,t)e_ik“dl'.

The problem is to find fi(k,q,f) given fi(k,q,0). Since
conservation of total charge in all space implies that f1
vanishes at all times for k=0, and hence is known, it
will be assumed henceforth that k=0.

If the Fourier transform of E is eliminated from the
Fourier transforms of Eqgs. (3) and (4), a single equation
for f11is obtained:

(; %-{-k-Q)f 1(k,,t) =%Z—2(k'?£)ff 1(kq',)dg’. (5)
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Here w,= (4we?N/m)} is the electron plasma frequency.

Now fix k and choose the x axis parallel to k. Let
%, v, w be the x, y, 2 components of q. Then Eq. (5)
becomes

19

——+ AN
ik ot u)f‘(ww)

o 26f0 r ! ' ’ ’ ’
=y, ——a fi(d W W' f)du'dv'dw’,  (6)
“

where v,=w,/k and the dependence of f, on k is no
longer explicitly shown. If the integral on the right were
a known function of time, (6) would immediately give
filuwpw,t) in terms of fi(u,p,2,0). Therefore, to solve
(6), it is sufficient to find

1) = f Fr(t00,0)docio )

as a function of # and ¢ (and k). For this purpose,
integrate (6) with respect to v and w. The result is

19 dgo(u) >
7—+u)g1(u,l)=vpl——f (' Hdu', ®
ik Ot du J_,

where

go(u)= f So(u,0,w)dudw.

It is the purpose of the present paper to discuss in
detail the initial value problem for Eq. (8). That equa-
tion is formally equivalent to (3) and (4), but the author
has not examined whether there are solutions of (3) and
(4), which do not have Fourier transforms with respect
to r, and yet are in some sense physically meaningful.
Therefore the discussion is applicable only to solutions
of (3) and (4) which can be Fourier transformed.
This class of solutions includes all those for which
SIS | f1(r,q,t) | drdq is finite.

It should be pointed out that Eq. (8) is applicable
also to small disturbances in a homogeneous, collisionless
plasma containing a uniform, externally imposed mag-
netic field, if the disturbance f; involves only motions
parallel to the magnetic field and the undisturbed state
fo(q) is symmetric under rotations about the direction
of that field. )

III. UNIQUENESS THEOREM AND A BOUND
ON THE GROWTH RATE

If we follow Landau,! we shall deduce most of the
properties of the solution gi(#,f) of (8) by examining its
Laplace transform with respect to time. But if (8) has
solutions which grow too rapidly to have Laplace
transforms, then no results deduced from the existence
of a Laplace transform will apply to these exceptional
solutions. In particular, a stability criterion for go(w)
based on Laplace transform techniques may predict that
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go(#) is stable simply because all perturbations g,, which
grow at all, grow too rapidly to have Laplace transforms.

It might be felt that (8), being linear, would have no
solutions without Laplace transforms. As a counter ex-
ample, (T—#)~% exp(x*/T—1) is a solution of the linear
equation 4(8f/08)+(9%f/9x%) =0, if — o <x< and
0<i<T.

To remove this difficulty, we show that any solution
g1(u,t) of (8) in an interval 0<¢<7T is uniquely de-
termined by its initial form g,(#,0) ; then, in the following
section, we show that for any g1(#,0), (8) does have a
solution g;(u,t) in 0<¢< o which takes the given initial
form and which has a Laplace transform with respect to
time. Thus every solution of (8) on a finite interval
0<t< T agrees with a solution on 0<¢< « which has a
Laplace transform.

Weassume throughout the present paper that |go (%) |
is integrable on — » <% < . With slight modifications
of statement, the results of the paper remain true if this
condition is replaced by the weaker one that go(%) be of
bounded variation on — o <%< «, but we do not pro-
pose to discuss these modifications.

We also assume that if a solution g,(#,?) of (8) is to be
physically realizable during an interval 0</<T, then
the integral

0= f g (u,0)du (10)

for the charge density at the given wave number k must
be independent of the order in which the electrons are
counted, so that

A(t)=f | ga () | du< oo, (1)

if 0<¢<T. We contemplate the possibility e prior: that
A() or Q(f) =  as t— T, but we do not consider a
solution of (8) to be physically realizable, or even
mathematically meaningful, unless there is some interval
0<t<T in which Q(?) is finite, so that

[1emlar<a, (12)

if 0L ¢<T. In the rest of this paper, no function g;(#,t)
will be considered to be a “solution” of (8), unless there
is some finite interval 0<¢< T in which it satisfies (11)
and (12).

Equation (8) would seem to force us to demand also
that dg,/d! exist, but this demand can be avoided if we
replace (8) by the equivalent integral equation:

£ (u,t) =g ('u,())e"““‘ t+ik'vp2gg'(u)
¢
X f Q(r)eitu=odr.  (13)
0

From (11), {12), and (13) we now propose to show

BACKUS

that if 0<¢<T then

Q)] <4 (0) coshw,t; (14)

and that at every u for which g;(%,0) and go'(u) are
defined, and hence at almost every %,

[ g1(u,t) | < | g1(,0) [+ (0)v,| g0’ () [sinheopt.  (15)

To prove (14), we integrate (13) with respect to %, and
use Fubini’s theorem to justify the inversion of the
order of integration in the double integral on the right.
After an integration by parts with respect to % and to ¢,
the result is

0= [ (w0 idu
—oi [ arigien [ dugteo. o)
Since go(#)>0 and S go(#)du=1, it follows that
1001 <40+ [ dn [ ot an
.,

Denote the double integral on the right of (17) by F(#).
Then if 2(f) =F"(§)—w2F (), | 2(5)| <4 (0) and

11 71
F(l) = f dT]f dTgh(Tg)E“”’(QH-fz_”,
0 [

50 0<SF () <A (O)wy cosh(wyt) —1]. The substitution
of this upper bound for the double integral into (17)
gives (14). The substitution of (14) into the obvious
inequality obtained from (13) gives (15).

Now we note that because g:(%#,0) and go(u) are
integrable with respect to %, (12) and (16) imply that
Q(?) depends continuously on #in 0<¢< T But then (13)
implies that for every # at which g,(%,0) and go’(#%) are
defined, dg, (u,t)/ 8t exists and is continuous as a function
of £in 0<¢< T, and can be computed by differentiating
(13). Thus g1(u,) satisfies (8) in 0<t<T for every u at
which g:(u,0) and go’(«) are defined. (We note in passing
that if /" |ug1(u,0)|du< =, then from (16) and the
Lebesque bounded convergence theorem dQ/d! exists
and is continuous. In general, if g:(#,0) has » finite
moments, Q(f) and dg,/d¢ have # continuous time
derivatives.)

A second consequence of inequalities (14) and (15) is
that if 4(0)=0, gi1(x,£)=0. But since (13) is linear, it
follows that any function g;(%,f) which satisfies (11),
(12), and (13) in 0<¢< T is uniquely determined in that
interval by its initial form, g;(#,0).

A third consequence of inequalities (14) and (15) is
that no disturbance g;(#,f) can grow at a rate faster than
wp. Thus the only way in which a solution g;(#,?) of (11),
(12), (13) can fail to have a Laplace transform is that
for some reason it cannot be extended outside 0<t<T
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as a valid solution of those equations. The next section
will eliminate this possibility.

IV. AN EXISTENCE THEOREM AND AN
EXPLICIT SOLUTION

In this section we show that if go’(%) is integrable and
g(u) is any integrable function of #, then there is a
function gi(x,?) which satisfies (11), (12), and (13) if
0<¢< =, and for which g,(#,0) = g(u). Having shown so
much, we can conclude from (14) and (15) that Q(¢) and
g1(u,f) have Laplace transforms with respect to £.

At the outset we follow Landau! and proceed purely
formally. We introduce the Laplace transform of gi(u,f),

'y(u,s)=f ekt (u,t)dt.

In terms of our variable s, the usual Laplace transform
variable p is —iks, so the right complex p half-plane
corresponds to the upper s half-plane if 2> 0. Then, still
proceeding formally, Eq. (8) becomes, for positive &,

aw0)  g(u) p
yls) = —=v i [ (w19
ik(u—s) u—s J_,
Now we introduce the functional operator 3C,, defined
” w
Heuf(u)= —ds, (19)
—o U—S

where % is real and s is in the open complex upper half-
plane. If we integrate (18) with respect to %, we find

® Jcsu 1 ,0
Il ylugdu= B0, (20)
= 1kv2L(s)
where W
1 1 © golu
=———Jdlsu, OI = d » 21
£ =g ()= I e @
Hence, from (18)
1 ,0 0, 85 1\Vy
iky(u’s)zg (u )+g (u)(ﬁc g(vO)). 22)
u—s  u—s £(s)

Still proceeding formally, we use the complex inversion
formula for the Laplace transform to find g;(#,f) from
v{u,s) as given in (22):

go' (1)
gi(ut)=g(u, O)e““‘+

°°+1b8 zkst:}cwgl(,v )
X f s,

(23)
—o+1b (’M/ S)J:(S)

where & is a positive real number larger than the
(unspecified) abscissa of absolute convergence of v (%,s),
and £>0.
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Now we propose to show that (23) has more than
formal content. Specifically, if > v, and g,(#,0) are re-
placed by g(u) at every occurrence on the right side of
(23), then we can show that the integral in (23) con-
verges so that (23) defines a function g;(«,f). We can
further show that this g;(%,!) satisfies (11), (12), and
(13), if in (13) g1(%,0) is replaced by g(u), so that
g1(u,0)=g(n).

The basis for the whole argument is an analysis of the
functional operator JC,.. We need a number of facts
about this operator which we collect here as lemmas.

If s=x+14y is a complex number, let Rs=x and
Ss=y. If f(u) is a function of the real variable #, define

ls@t=| [ :If(u)l ndu]”" ,

where # is a positive integer. If f(s) is a function of the
complex variable s, define

o 1/n
Hf(s)libn=[ [ |f(x+ib)]"dx] ,

where # is a positive integer and x and b are real.
Lemma 1: If f(u) is integrable or square integrable,
3C...f(w) is analytic in the open upper s half-plane.
This lemma follows immediately from the Lebesque
bounded convergence theorem.
Lemma 2: Suppose that b is a positive number and
Il f ()]l is finite. Then

f 3o f(22)

—w4-ib 7—3S§

0-+ib

a<ﬁﬂmm

for every real v.
To prove lemma 2, it suffices to prove that if » and v

are real,
wib e | f(u)] ™
f+. dsimdu(wlu szv_s‘)<—f1,

—x+1b

But if this inequality can be proved in either order of
integration, Fubini’s theorem proves it for the other
order. Hence it suffices to prove K (u,v) <wb~l, where

x+ib d s
K(up)= —;
—ativ |u—s|[v—s]
But by Schwarz’s inequality, K (u,v)2<K (u,u)K (v,7)
and clearly K (u,u) =K (v,v) =wbL.

Lemma 3: Let a be a positive number less than 9,72
and write the complex number s as x+4y. Let Cy(e) and
C:(c) be the two regions of the upper s half-plane defined
by the following inequalities:

Cile): > (v, 2—a)™.
Cz(d): if 0:-:&1,
ax>2v,
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and also

¥>[v,2—a—4a2]? f go(ow)du.
ocz/2

Then if s is in Ci(a) or Ca(a), | £(5)|>ea.

First suppose s is in Cy(e). Then |#—s|—2<v,2—
for real », and the lemma follows immediately from (21),
since go(#)=>0 and S go(%)du=1. Next suppose s is in
the right half of Ca(a), where ¢=-+1. Then

go(u)du

N ®  go(u)du
'_'m f o (= x—zy)z'f,n(u—x—iy)?'

Since |u—x—iy|2< 4472 in the first integral and <y~2
in the second, the inequalities defining C,{e) imply
| £(5)| >a. The left half of Ca(e) is treated similarly.

We point out some immediate consequences of lemma
3. If ¢ and b are any positive numbers, the set of com-
plex s’s for which 3s>5, and which lie neither in Cy(a)
nor Ci(a) is closed and bounded. But all the zeros of
£(s) for which 85> b must lie in this set. Since £(s) is
analytic in the open upper half-plane, it follows that
£(s) has only finitely many zeros for which 3s>8, and
none for which 3s>v,. It follows further that if > v,
then on the line §s=5, | £(s)| >0, 2—b"2

Now we return to formula (23), in which we take
b> v, and on the right replace g:(%,0) everywhere by the
given integrable function g(%). Then by lemmas 2 and 3,
the integrand on the right in (23) is an integrable
function of s along the line Js=5, and the integral is not
larger in absolute value than (v,72— 52)~lrb~1|| g (u) || 1%
Since g(#) and go’(») are integrable, it follows that the
function gi(x,f) defined by (23) does satisfy (11) and
(12) for all ¢, depends continuously on ¢, and for each #
at which g(#) and go'(#) are defined, has a Laplace
transform with respect to ¢. By the complex inversion
theorem, this Laplace transform is the vy (u,s) of (22) if
£1(u,0) is replaced by g(#) everywhere on the right in
(22). But if 35>, the integral

f du f diei*stgy (ut)
—w 0

converges absolutely, and hence can be integrated in
either order. Thus, if Q(¢) is defined by (10) in terms of
the g1(u,f) defined by (23), the Laplace transform of
Q@) is Sv(u,s)du, and is given correctly by (20),
£1(%,0) being replaced by g(«) in (20).

We still must show that the g;(%,f) defined by (23)
satisfies (13), if in (13) the g(#,0) on the right is
replaced by the given g(u). To show this it suffices to
show that if Q(¢) is computed from the g;(%,{) defined by
(23), then the Laplace transform of

t
g(u)e‘“‘“‘—l—ikv,}go'(u)f Q(r)etkutr=0
0

BACKUS

is the v (u,s) of (20) with g(u) replacing g:(%,0). But the
Laplace transform of the integral in the foregoing ex-
pression is, by direct computation,

tk(u— s)f et

which is [Gk(u—s)] 'S v(u,s)du or, by (20),
— (kvp) 2L (s) " (u—5)"0Csug1(%,0). Comparison with
(22) completes the proof that gi(u,t) satisfies (13).

V. CRITERION FOR THE STABILITY OF THE
STEADY DISTRIBUTION

The initial distribution go(w) is stable if all disturb-
ances g1(u,f) of go(#) remain bounded for all time.
Whether go(#) is stable thus depends on what we mean
by “all” disturbances and what we mean by ‘“bounded.”
When is a disturbance g1(%,0) to be regarded as physi-
cally realizable (disturbances whose initial electrostatic
energy is infinite, for example, are of no physical
interest), and what measure of the “size” of g;(,?) is of
interest in the particular problem at hand?

As for the first question, we have already agreed not
to admit to consideration any disturbance gi(%,!) for
which (11) or (12) fails, and we have discussed the
reasons for this. We might make further demands on the
smoothness of gi(#,0); for example, that g,(%,0) be
square integrable, or bounded, or of bounded variation,
or analytic in a strip |S#|<a in the complex % plane.
This last demand could be restated as the demand that
for real u, g1(,0) is infinitely differentiable and

gl( n) (u’o) Un 1

a

lim sup
n—oe

n!

In general, if we are trying to prove that go(%) is stable,
we will want to prove its stability against disturbances
as rough as possible; if we are trying to prove that go(#)
is unstable, we will want to produce disturbances as
smooth as possible which grow with time.

As for the second question, finding a measure of the
“size” of g1(u,f), Landau has proposed the Q(¢) of Eq.
(10), which is, except for a factor involving %, the
amplitude of the electrostatic voltage produced by the
given disturbance of the charge distribution. A second
measure of the size of g1(u,t) is the 4(f) of Eq. (11),
which is, except for the same factor involving %, the
amplitude of the electrostatic voltage that would be pro-
duced if the electron distribution were go(u)+ | g1(u,t) | .
Van Kampen? has considered a third measure, |[g; (%,5)||2.
Finally, ]|ag1/auu1 might be considered, as when this
number is large compared with ||go’(%)] the linear
theory is no longer valid.

Landau’s choice of Q(#) to measure the size of gi(%,f)
might be justified by noting that the electrostatic po-
tential is what is observed. In principle, however, the
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whole electron distribution is observable. Further, it is
possible to have gi(#%,t) very large in comparison with
go(u) and yet to have Q(#) =0. Therefore we reject Q(¢).

Three advantages lead us to adopt 4 (¢) as the measure
of the size of g1(u,t). First, if 4 (§)=0, g1(u,f)=0. Second,
if A (0) is finite, Eq. (13) has a unique solution for which
A(?) remains finite, so that 4 (¢) is a mathematically
natural norm. Third, the finiteness of 4 (#) has the clear
physical significance that the charge density should be
independent of the order in which the electrons are
counted.

Van Kampen’s suggestion, ||g1(%,0)|s, has the first
advantage enumerated in the foregoing and also the
second if go’(#) is bounded, but as Van Kampen himself
points out, it is difficult to see the physical significance
of this norm.

Finally, the norm | dg;/du|l, will be discussed in
Sec. VIIL

In summary, the steady distribution ge(z) will be
called stable if for every initial disturbance g;(%,0),
llg1(2,8)]|1= A (¢) remains bounded for all time. It will be
necessary to examine how unstable distributions become
stable as more smoothness demands are made on the
admissable initial disturbances. These ambiguities in the
definition of stability come, of course, from the fact
that the idealized physical system in question has an
infinite number of degrees of freedom.

Besides the three lemmas enumerated in Sec. IV, we
will need six more concerning JC,u.

Lemma 4: If J>0 and ||f(w)|1< o, |3Cuf(2)]
< (39)7Y| f()ll:. If also in a neighborhood of the real
point x, f(u) is absolutely continuous and f’(u) is
bounded, then 3C,.f(#%) is continuous as s approaches x
from the upper complex s half-plane, and its limit is
@S (u—x)" f(u)du+=if(x), where @ denotes the
Cauchy principal part. If also f(#) is absolutely con-
tinuous and f’(#) is bounded for all #, then 3oy iy, f(2)
approaches the above limit uniformly in x as y ap-
proaches zero through positive values.

This lemma is proved, in a slightly different form, by
Muskhelishvili.?

Lemma 5:If || f(#)||2< 0, and y> O then [|3C,..f (%) || 42
< 2| f(u)|ls. Furthermore, as y— 0 through positive
values, 3¢ z4.iy,u f () — @S0 (u—x) "L f (w)du+wif(x) for
almost every x and also in the mean square.

Lemma 5 is proved by Titchmarsh.*

Lemma 6: Suppose f(s) is a bounded analytic func-
tion of the complex variable s in the region —5<J3s<0,
where b is a positive. Suppose that each of f(x) and
f(x—1b) is either integrable or square integrable as a
function of the real variable x. Then 3¢,.f(%) can be

3 N. I. Muskhelishvili, Smgular Integral Equaiions (P. Noordhoff
N.V., Groningen, 1953), Chap. 2, p

‘E. C. Titchmarsh, Introductwns to the Theory of Fourier
Integrals (Oxford Umversuy Press, New York, 1948), 2nd ed.,
Chap. 5.
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extended analytically to the region 35> —b, and there
©o—ib ( ’)
acs uf ('u) f _"‘f dS

Lemma 6 is a consequence of Cauchy’s theorem.
Lemma 7: If m and # are positive integers, and #, v,
and b are real,

fw+ib ds
wriv |u—s|m[v—s|"

“aeint) C0)

where the usual notation for the binomial coefficients is
used.

This lemma is simply Schwarz’s inequality.

Lemma 8: Suppose M (u) is square integrable. Then
there exist unique functions M, (s) and M_(s) with these
properties:

(i) M+(s) is analytic for Js>0, and M_(s) for Fs<0;

(ii) there is a K such that ||M(s)]|,2<K for all y>0
and [|[M_(s)]|,e<K for all y<0;

(iil) M (uy=M,(u)+M_(u) for almost every real «.

It should be noted that if M, (s) satisfies (ii) above,
then lim o M (x4-7y) exists for almost every real x
and also in the mean square (Titchmarsh), and similarly
for M_, so that (iii) makes sense. It should also be noted
that if condition (ii) is abandoned, M. (s) and M_(s) are
no longer unique. For example, if M (u)=exp(—3u?),
M, (s)=aexp(—%s?) and M_(s)= (1—a) exp(—3s?) have
properties (i) and (iii), but not (ii) for any real a.

Lemma 9: The M, (s) and M_(s) of lemma 8 have
these properties:

(i) Mi(s)=:l:—1—. fm M—(u)-du

2ri J_p u—s

(if)

* M
Mo (x)=iM (x):bigP f (u)du

2wt J_o —x

for almost every real x. Here ® means that the integral
is to be interpreted as the Hilbert transform.

1 A
(iit) if m(k)=Llim— f kv M (u)du
A0 \/2'1,, Y
then

1 2
m+(x)=l.§;1£.\/? f e***m(k)dk
L]
and

1 po
m_(x =l.i.m.——f e**m(k)dk.
(%) imeJ),

(i) [Me@LNM @25 (M- )L M )]
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Our first stability theorem is a sufficient condition for
instability.

Theorem 1: Let sy, » - -, Sa, - -+ be the zeros of £(s) in

the open upper s half-plane. Let a be any positive real
number different from sy, < - - - (the set of such
@’s is dense among positive numbers because the zeros
of £(s) form a finite or denumerable set). Let sy, - -+, sw
be the zeros for which Ss>a (N is finite by lemma 3).
Let their multiplicities be »y, - -+, vy. Then there is a
positive number e such that | £(s) | >« if s=a, and for
any integrable initial disturbance gi(%,0) there are
functions Qm« (%) such that

gu(u1) = gr(u,0)e !

y Smy "

N Yn
+ ; e—iksnt 2;1 Omn(w)tm+ga(u,t), (24)
where ,( ) A(O)
'ga(uJ)isgo u ( )ekat_
T aa

Furthermore, g;(#,0) can be so chosen that it is inte-
grable, square integrable, and analytic in a strip |
<’ of positive width 2a’, while Qs (%)5%0 if m=v,..

It should be recalled that we always assume that
g¢' () is integrable. The existence of the « mentioned in
the theorem is an immediate consequence of lemma 3.
Then Eq. (24) and the bound on g, are obtained by
moving the contour of s integration in (23) down from
the line 3s=5>9, to the line §s=qa. The sum in (24)
comes from the poles of the integrand, and g, is the
integral along Js=a. The deformation of the contour of
integration is justified by lemmas 1, 2, 3, 4, and 6, while
lemmas 2 and 3 alone give the bound on ga. If go'(%) is
analytic in a strip [Su| <d', the functions g;(%,0) for
which Q. (%) is not zero can be obtained very simply by
setting /=0 in the following formula:

m—1 ‘ngg,(u)e_"k”
() (),

When go' is integrable and s is a zero of £{s) in the open
upper half-plane with order at least m, (25) is an exact
solution of (8) and from it Q(¢) = (— ikf) ™ le~*#t/(m—1) .
However, if go’(#) is not analytic in a strip, the foregoing
£1(%,0) is not, and we must make a different choice. We
note that for any integrable g1(%,0), if m=mn,

- gol (u)m ( - ’th) m-IJCs,.ugl (1),0)

an(u): (u—sn)cﬁ(m) (Sn) ’

(25)

so that all that is required is to find a function g,(%,0)
analyticina strip | Su| <a’and such that 3Cs,eg; (v,0) 0.
By lemmas 8 and 9, if /(s) is a function analytic in
Js> —a’ and such that ||2(s)[|,2<K for some fixed K
and all y>—a/, then g(u,0)=n3%(u) has 3C,.g;(1,0)
=h(s). Therefore, all we need is a function 4(s) of the
afore-mentioned sort with the further properties that
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%(ss)7%0 and that k(%) is integrable for real #. Obvi-
ously, many such functions are available, for example
(s+7a")™4, and i(e”4-5s2+B exps?)~?, where the positive
constant 8 is chosen so that the function does not vanish
at Sp.

Theorem 1 really does nothing more than to make
precise Landau’s! assertion that go(#) is unstable if £(s)
has zeros in the upper half-plane. Landau tries to con-
clude the converse directly from (22); he argues that if
£(s5) has no zeros in the upper half-plane, the Laplace
transform v (,s) of every disturbance g:(%,?) is analytic
in the upper s half-plane, or the right p half-plane, so
that g,(,) must be bounded in time. This argument is
at fault in assuming that if a function f(¢) has a Laplace
transform which is analytic in the right p half-plane,
f(® is bounded. Widder® shows that the Laplace trans-
form of e!sine? is an entire function of .

One valid sufficient condition for stability is given by

Theorem 2: Suppose go'(u) and g;(x,0) are integrable
and square integrable. Suppose there is a positive
number a such that | £(s)| >« in the open upper s half-
plane. Then 4 (f) =||g1(%,?)||1 is bounded for all time and,
if go’(u) is bounded, ||g\(u,%)||2 is also bounded for all
tiume.

Because of lemmas 1, 2, 3, 4, and 6 and the fact that
[£(s)| >e, we can move the contour of integration in
(23) down arbitrarily close to the x axis. Thus when
|£(s)|>a, (23) is correct for any positive 5. But by
lemma S

[[£(s) e 3C g1 (1,0) [ 12X 2mate** g1 (2,0)

Therefore, the integral on the right in (23) is obtained
from the foregoing function of s, square integrable on
the line 3s=4, by an operator like 3C,,, except that the
integration is along the line Js=5 instead of the real
axis, and the argument of the function produced by the
operator is real. Then lemma 5 can be applied, and as a
function of % the integral on the right in (23) is square
integrable, and the square root of the integral of its
square is not larger than (2r)%~'e*®||g1(v,0)]|:>. When
the whole term on the far right in (23) is integrated with
respect to %, the result is the Hilbert space inner product
of two square integrable functions of %, go’(%) and the s
integral. Hence, by Schwarz’s inequality,

llgr (1)1 [ g2 (,0)]|
+2ma[go’ ()] 2| g1.(2,0) || 2€*2*.
Since (26) is true for all positive 4, it is true for 5=0,
which proves that |g;(#,t)||; is bounded.
When |go ()| <M for all u, the whole term on the far
right in (23) is a square integrable function of # since
the s integral is. Thus

g1 () || < llg1(2,0) |2+ 2 M | g1 (,0) | o€*®*
for all positive &, and hence for =0,

(26)

®D. V. Widder, The Laplace Transform (Princeton University
Press, Princeton, New Jersey, 1946), Chap. 2, p. 58.
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One consequence of theorem 2 should be noted. If a
disturbance g;(%,0) is integrable and bounded, it is
square integrable, so that theorem 2 assures us that its
A(?) is bounded in time if go(w) satisfies the hypotheses
of theorem 2. We may still ask, what happens if either
go'(w) or gi(#,0) is not as smooth as is required in
theorem 2. Theorem 3 and theorem 4 deal with this
question.

Theorem 3: If go(u) satisfies the conditions of theorem
2 there are integrable initial disturbances g:(#,0) for
which ||gi(#,2)|li=A4 () is not a bounded function of
time.

To prove theorem 3, we write s=x-}-7y. Then

® (u—x)go (u)du
— [(u—x)2 49>

= g (w)du
+1 _—
yf.w L=+

But by lemma 3, for almost every , 33C oy iy, ugo’ () —
7go’ (x) as y— 0 through positive values. Hence we can
find a real w such that

Gcsug(]’ (u) =

(27)

*© g (w)du
—» [(u_w)2+y2]
Then choose g1(%,0)= (z—w)~!|In(u—~w)|~? if w<u

<w+ 3% and g,(%,0)=0 for all other u. Clearly, g,(%,0) is
integrable, although not square integrable. Furthermore,

hm =xgo (w)#0. (28)

du

(u—s+w)u|Ilnu |

3Cougr(n,0)= f

If s=w-1iy, then since the magnitude of a complex
number is not less than its imaginary part,

PR IERY p—
13Csug1(n,0 >yf R ———
o (#+y)u|lnu|}
When y<3,
Yodu 1

1 2
l\'}Ctrug (u)O) l >— f =
' 2y Jo u|lnu|?

y{iny] ¢
Now let
g0 (1) 3Cs0g1(2,0)

K(s)=j:: -

Uu—s

29
) (29)

Then if s=w41y,

1 ®1go’ ()
K(s)|>
| (S)Layllnyl*-[x

du

U—Ss
PR

> .

= oyl Iny | *yL [l w) ]
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Thus, by (28), if y is sufficiently small and s=w-iy,
wl g (w)|

|K(s)| >
2ay*{Iny|*

(30)

Suppose now that for the g («,0) defined in the foregoing,
A () is bounded, say |4 (f)| <m for all £. Then

f eiks ‘gl(u,t)dll
0
<J
0

di exp(—ktJs)l|g: (,0) L <m(kGs) 7,
or kS |v(u,s)|du<m(Is). From Eq. (22) and a
standard inequality for Laplace transforms, it follows
that |K(s)| <2m(8s)~L. This contradiction with (30)
forces us to conclude that the g;(x,0), defined previously,
generates a g1(u,t) for which A4 (¢) is not bounded.

Finally, we have

Theorem 4: Suppose that go'(#) is integrable and that
there is a positive number « such that | £71(s)| <o if
Js>0, while |d£7(s)/ds| <a!in a strip 0<Js<a for
some positive . Suppose that g,(%,0) is integrable and
absolutely continuous and g,'(#,0) is integrable and
bounded for all #. Then A4 () is bounded.

Clearly, the contribution to 4 (f) from the first term
on the right in (23) is bounded, so we need consider only
the integral. If we integrate this once by parts with re-
spect to s and then integrate one of the resulting terms
by parts with respect to v, we have for that integral the
expression, valid for all positive b,

el

fdu

—%

1 wtib JCavgll(‘L’i()) n Jcavgl(vyo)
(u—s5)L(s) l (u—s)2L(s)
. 5Csvg1('0,0) dﬂe_l(s)

(u—s) ds

dse—iku{
1kt —2+1ib

31)

Now by lemma 2, the first term in braces contributes to
the foregoing expression a quantity whose absolute

value is
mek bt ||g)' (2,0)]1
< _—

kbt a

Since g1(%,0) is bounded and, by lemma 4, 3C,,£1(2,0) has
a bounded uniform limit as s approaches the real axis, it
follows that there is a & so small that if 0<8s<b,
3Ceog1(2,0) is a bounded function of s, say |3Csg1(v,0)]
<M. Thus by lemma 7, the second term in (31) con-
tributes to that expression a quantity whose absolute

value is
ﬂ'ek bt M
< _

T Rb o

As for the third term, by lemma 5, and Schwarz’s
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inequality the absolute value of its contribution is

w:;’”( )* llg1(2,0)1l2

when b<a. It follows that when 6<a,

ekbt.)r

an?
1< Tl GO+ ;) g (0,0

Since for fixed ¢, the foregoing inequality is true for all
positive b, it is true in particular for b= (kf)~*. Thus

er a\?}
I_<_——[Ig1’(v,0)|]1+M+(-) Ig1(2,0)]2,

and then, from (23), |4 (£)| <4 (0)+ (27)~1||go’ ().

We see from theorem 3 that the square integrability
of the initial disturbance is really necessary for stability,
and we see from theorem 4 that the square integrability
of go’(u) is not necessary if we are willing to restrict our
attention to absolutely continuous disturbances g:(#,0)
with bounded derivatives.

Theorems 1, 2, 3, and 4 clearly leave a gap. What if
£(s) has zeros on the real axis, but none in the open
upper half-plane? This question is partly answered by

Theorem 5: Suppose g’ (%) is integrable. Suppose there
is a real w for which positive constants », ¢, and M
exist such that if 3s>0 and |s—w|<e then [£(s)]
<M|s—w|". Then if @ is any positive number and v,
is any positive number less than », there is an integrable,
square-integrable initial disturbance g;(#,0), analytic in
the strip |Su| <a, for which £|4(#)| is not bounded
ast— o,

The proof is rather like that of theorem 3. If | A4 (f)|
<mi™ then

If K(s) is defined by (29), then (22) and the foregoing
inequality imply

(BSs)rrtt s
But if s=w4y, then from its definition,

(32)

® lg(ll('u)ldu chgl('”:o)
|K(s)| > j: Ty iy

© g (W)|du  3Cegs(0,0)
IK(s)]ZJ:w Co—wp 1] dy

Now let 4(s) be any analytic function in |Js| <a for
which [|4(s)]|,2<1 when |y| <@, and such that A(w)=0.
Then let g;(%,0)==3%(x), so that 3C,.g1(v,0)=4(s) by
lemmas 8 and 9. If this g,(«,0) is used in (32), (32) and

Thus
(33)
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(33) are contradictory, so we conclude that 1[4 (¢) | is
not bounded.

Theorem 5 shows that if £(s) has a zero of order
greater than 1 on the real axis, go(#) is unstable even to
very smooth disturbances. However, if £(s) has no
zeros in the open upper half-plane and only a simple zero
on the real axis, in general go(%) will be stable to smooth
disturbances and unstable to rough ones. The details are
contained in theorems 6 and 7.

Theorem 6: Suppose go’'(%) is integrable and go”’(u)
exists and is bounded in a neighborhood of each of the
real points wy, - -+, wy. Suppose that

L£(s)= % B, (w,—s)"HIM(s)

and that there are positive constants ¢ and « such that
|M(s) | <e if Fs>0 and | (5) | <a if 0<Js< a. Sup-
pose that g;(%,0) is integrable and absolutely continuous
and that g,’(#,0) is integrable and bounded. Then 4 (¢) is
bounded for all time.

By the argument of theorem 4, 9 (s) contributes only
a bounded term to A(?) through the integral in (23)
Therefore

AW =Ho()+ f du |§_1Ban(u,t)]

where Ho(?) is bounded and

g/ (w) p=tit 3 (2,0)
H,(ut)=~— i f dse—iket——ot
2okt o oorin (—5)(w,—s)
3Cav31<71,0) 3e:wgl (7),0)

" (=5 (wa—s)  (u—s)(wa—s)?

Here the same integrations by parts have been carried
out as those described, in the proof of theorem 4. Now by
lemma 4 there are positive numbers m and a, such that if
0<8s< a1, |3oug1(%,0)| <m. Further (u—s)"(wn—s)~!
= (u—wp)[(wn—9)"'— (u—~s)""], and (u—s)2(wn—s)~"
= (u—wa) [ (u—s5) Y (wp—s5)"1— (u—s)~*] and (¥—s)!
X Wwp—s5)t=— (u— wo)[(u — 5) W ws — )¢
— (wa—s)"%]. Finally, by lemma 4, go’ (%) has a zero of at
least first order at u=w,,so M= /S| go' () | |4—wn|du
< . Therefore

ekt

J 1wt du el 00+ 2m)

Since this inequality is true for all positive b less than a’,
it is true for b= (k)" when ¢ is large. Thus 4(2) is
bounded.

If g1(%,0) is not as smooth as in theorem 6, the result
of that theorem is no longer true, as we see from

Theorem 7: Suppose go’ (u) is integrable. Suppose there
exist positive numbers « and ¢ and a real w such that
g0’ () is analytic for complex # in |u—w|<e, while
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3s=b w

BN

| £(s) |2 eif |s—w| > eand 35> 0. Suppose further that
L)'= (s—w)7'N(s) and that I (w)><0. Then for any
m in 0<m<3, there is an integrable, square integrable
£1(%,0) for which the charge density Q(#) behaves like
™ when ¢ is large.

We take g;(#,0) =»3[ (u—w)~"(u-+1)"2], where the
fractional power is defined so as to be real and positive
for large #and analytic in the complex upper # hali-plane.
Then by lemmas 8 and 9, 3C..g1(%,0) = (s—w)~™(s-+1)2
if 3s>0. We compute Q(¢) from (20) and the complex
inversion formula for the Laplace transform:

3s=b

F16. 1. Deformed contour
of integration for Eq. (34).
The dotted line is a cut in
the complex s plane.

1 fw+ib dse—ikatm(s)
2 2 ey (s—w)™H (s+4)

Q)= (34)

where b is any positive number. By an extension of
lemma 6, £(s) is analytic in the circle |s—w| <e, so the
contour of integration in (34) can be deformed to that
shown in Fig. 1, where the dotted line is a cut in the s
plane. An integration by parts like that used in the
proof of theorem 6 shows that the contribution to (34)
from the horizontal lines and the large circular segments
remains bounded as { — «. The contribution from the
small circle and the two vertical lines on opposite sides
of the cut is computed by standard methods; then the
radius of the small circle is allowed to approach zero for
fixed ¢, and afterwards, { is allowed to become large. The
resulting contribution to (34) is — E(kf)™+k(t), where
k(l) > 0ast— o, and

e (S‘L(w)(l—m) simrm) o [—i(fm-i—kwt)]
(w44 rm P 2 '

As this section makes clear, the stability of the steady
distribution go() depends heavily on how smooth are
the disturbances which we admit as physically realiza-
ble. Theorems 5, 6, and 7 deal with the rather special
case in which £(s) has zeros for which Js=0 but none
for which Js>0. The result of the more important
theorems 1 through 4 might be paraphrased very
roughly as that if £(s) has zeros with Js>0, go(w) is
certainly unstable. If |£(s)|>a>0 in the upper hali-
plane, then go(%) is stable if go'(#) and g,(%,0) are
smooth enough ; and if one is roughened, stability can be
preserved by smoothing the other.

VI. STABILITY OF SOME PARTICULAR
STEADY DISTRIBUTIONS

Our theory is unable to treat the case go(w)=38(u),
where 6 is the Dirac delta function. Theorems 1, 4, 5, 6,
and 7 do, however, remain true if the demand that g/ ()
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be integrable is replaced by the demand that go(x) be of
bounded variation, all other demands on go(#%) remaining
as stated in those theorems. Although we have not
proved this fact, the proof amounts to cumbersome but
inessential modifications in the proofs already given.
Therefore, the theory, with this slight extension, is
applicable to the distribution defined as go(#)= (2w)™!
if |#|<w, go(u)=0 if |u|>w. For this distribution,
L(s)=v,2— (w—s?)~L If %k is chosen so small that
v,2>w? £(s) has a pure imaginary zero at (v 2—w?)},
and so go(#) is unstable to disturbances of this wave
number with analytic # dependence, the rate of growth
of the instability being (w,2— k2w?)?}; as predicted in Sec.
IT1, this is less than w,,. If £ is so chosen that v,=w, £(s)
has a double zero at s=0, so, by theorem S, go(n) is
unstable to disturbances of this wave number as well.
Finally, if A>wpmw™ £(s) has simple real zeros at
s=x(w?—1,2)} By theorems 6 and 7, go(#) is stable to
disturbances at these wave numbers if the disturbances
are absolutely continuous functions of # with bounded
derivatives, and becomes unstable if all integrable,
square integrable disturbances are allowed.

As a second example, suppose that go' (#) is integrable,
square integrable, and absolutely continuous, and that
g0 (u) is bounded. Suppose further that there is a w
such that go'(#) <0 if «>w and go'(#)>0 if u<w, so
that go(#) has a single maximum at »=w; we may,
without loss of generality, take w=0. Then we can show
that there is a positive a such that | £(s)| >a in the open
upper half-plane; therefore go(#) is stable to integrable,
square integrable disturbances and unstable to certain
integrable disturbances (theorems 2 and 3). As the first
step in the proof of these assertions, we note that, by
lemma 4, when s is real £(s) =v,72— /" (u—5)""g’ (1)du
—migd (s). Therefore the only possible real zero of £(s)
is s=0, and RL(0) >0. Therefore £ has no real zeros. It
is easy to see that as s— 4= along the real axis,
£(s) — v,72, so there is a positive number 2« such that
| £(s)|>2a1 if 5 is real. Referring again to lemma 4,
£(x+17y) — L£(x) uniformly in x as y — 0 from above,
so there is a positive number @ such that if 0<Js<aq,
|£(s)| >a1. Let 2 be the set of all s for which 35> a,
and which lie in neither Cy(a;) nor Cy(a1) as those sets
are defined in lemma 3. Then 9 is a closed, bounded
(compact) set and outside g, | £(s)| >a;. But |£(s)] is
continuous in g, so if it has no zero in @ there is a
positive a; such that |£(s)|>a; if s is in @. In this
situation we take a=min(ej,0s) and conclude that
|£(s)|>a whenever 35>0. Therefore it remains to
show that £(s)#=0if 5 is in 9. But whenever Js>0, it is
clear from Eq. (27) that if 3£(s)=0 then

Re(s)=v,2— f[:(u— )y 1 ugy (w)du>v 2,

Therefore £(s) has no zeros with Js>0, and certainly
none in 9.
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Of course one of the most interesting cases of example
2 is example 3, the Maxwell distribution, ge(%)
= (2m)~do! exp(—3uPoc?), where o=«T/m. The re-
marks of the preceding paragraph all apply to this dis-
tribution, se it is stable to integrable, square integrable
disturbances and unstable to certain integrable disturb-
ances which are not square integrable. It should be re-
called that these results apply to disturbances of a single
spatial wavelength. However, if /| fi(x,u,t)|dxdu
were bounded, so would be our JSf*| f1(k,u,t) |du=A(?)
for each k. Hence physical disturbances fi for which
SIS | f1(2x,u,0) | dwdu< = can be unstable on the Maxwell
distribution in the sense that J/"| f1(x,u,t) | dxdu is not
bounded as ¢ goes to infinity.

As a fourth example, consider a three-dimensional
steady distribution fo(q) which is isotropic: fo(q) =/4(¢*).
For such a distribution, go(#)= S/ h{u*+v*+4w*)dvdw
=2r Jo *h(12+pt)pdp, or go(w)=nJ,2h(x)dx. Thus
g0’ (u) = — 2ruh(u?) and since >0, ugo’ () <0. Then, as
in example 2, £(s) has no zeros with Js>0. If &(x) is
absolutely continuous and %(x)+-2x4’(x) is bounded and
x3h(x) is square integrable, then go(%) is a special case of
example 2, and is stable to all integrable, square inte-
grable disturbances.

VII. VAN KAMPEN’S NORMAL MODES

So far the whole discussion of (8) has been based on
the Laplace transform. Now we examine briefly another
technique for the solution of (8) when g1(%,0) is given,
namely the expansion of g,(#,0) in terms of the normal
modes of the system. For a stable system, these normal
modes would be expected to have the time dependence
e it where w was real. For an unstable system, we
might expect to have to include modes in which Jw>0.
Nevertheless, Van Kampen? gives a solution of the
initial value problem entirely in terms of modes with
real w, and never explicitly assumes that the steady
distribution go(#) with which he deals is stable. He has,
however, implicitly made this restriction, as he con-
siders only go(#) which come from isotropic fo(q); we
have seen in the preceding section that these are always
stable, subject to a few smoothness conditions. In the
present section we propose to generalize van Kampen’s
treatment to unstable distributions go(#). We shall as-
sume throughout the present section that go'(#) and
g1(#,0) are square integrable.

Following Van Kampen, we look for solutions of (8)
whose time dependence is e~ #** for some 5. Van Kampen
shows that, if we admit solutions g;(#,?) so singular in
their dependence on % that they must be treated as
distributions in the sense of Schwartz,’ then for every
real s we can find exactly one (to within a constant

¢ L. Schwartz, Théorie des Distributions (Hermann & Cie, Paris,
France, 1950), Vol. I,
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factor) solution of (8), g1(u,t)=H (u,s)e~ %!, where

H(u,5)=go (0)®(u—s)""
+[v ,,‘2—(wa (v—s5)"1gy (v)dv]B (w—s). (33)

Here the first ® means that (#—s)~! is that distribution
which, when applied to the infinitely differentiable test
function f(%), gives the Cauchy principal value of
So (u—s)" f(u)du. Of course these singular solutions
are not physically realizable; they are a mathematical
device useful in solving (8). Van Kampen writes the
general solution gy(w,t) of (8) as a superposition of the

normal modes (35):

0

gx(u,l)=f V(s)H (u,s)e i++4ds.

—00

(36)

The weight V (s) of the normal mode with frequency ks
is determined from the singular integral equation ob-
tained by putting /=0 in (36). To solve this singular
integral equation, Van Kampen writes it in the form

G )=V (w) v, +2miE(u)]
+V_(W)[v, = 2miE_(u)],

where G(u) = g1(%,0), E(u)= —gd'(u), and V., (5), V_(s),
E(s), E_(s) are obtained from the square integrable
functions V and E by lemmas 8 and 9, Sec. V, of the
present paper. (Van Kampen has, incidentally, omitted
the essential condition (ii) from lemma 8.) Van Kampen
argues that (37) is a representation of the square
integrable function G(#) in the form Gi(u)4+G_(u)
described by lemma 8, so that the uniqueness assertion
in that lemma produces from (37) the two equations,

G (8)=Vi(s)[vp H2miE (s)] for Js>0,

(37)

and
G_(s)=V_()[v;2—2mE_(s)] for Js<0.

Since G.(s) and E_.(s) are known, these equations can
be solved for V,.(s); and when s is real, V(s)=V_,(s)
+V_(s).

As Van Kampen points out, if 2,724 2niE,(s) has a
zero in the upper half-plane, G4 (s)[ v, 24 2miE (s) T is
not analytic there, and so cannot be V.(s). Therefore, if
vy 2+2miE.(s) has zeros in the upper half-plane, the
general solution of (8) cannot be represented in the form
(36). Similar remarks apply to v, 2—2miE_(s) and the
lower half-plane. By using the assumption that fo(q) is
isotropic, Van Kampen proves that v,22xiE (s)%0
in the upper (lower) half-plane, justifying (36).

In the rest of Sec. VII and only in this section, let us
denote by £+t(s) the function defined by (21) when
J5>0, and by £-(s) the function defined by (21) when
Js<0. Then £ (s*)=L+(s)* since go/ (%) is real, but
when s is real £-(s)7=£*(s), as is clear from lemma 9.
In the preceding sections, £*(s) has been called simply



PLASMA OSCILLATIONS

£(s5). As a consequence of lemma 9

LH(s)=0,"242mE, (s) if Js>0 (38)

and
if Js<0. (39)

L (s)=v,2—2mE_(s)

Clearly, Van Kampen’s proof that the right side of (38)
has no zero in the upper half-plane is really another
proof that isotropic steady distributions are stable.

We must now investigate how (36) is to be modified
when go(%) is unstable. For simplicity, we restrict our-
selves to the case in which there is a positive a such that
| £+(s) | > if 35> 0, except in neighborhoods of finitely
many points s, - -+, Sy, which are zeros of £(s) with
respective orders vy, - -+, ¥n.

As we have already seen in equation (25), if n=1,

-, N and m=1, -+, vy, then

0,0 (wekontnoa [kt (s, — ) ]

§nm ('u;t) =
(u—s5,)™ o0 q!

is an exact solution of (8). If we replace s, by s,* in the
above formula, we get another exact solution of (8),
ham(£), because s,* is a zero of £(s) of order v, ; £nm(?)
is damped in time if s, is not real. We suspect that the
modes gnm and Zn, ought to be included in the general
solution gy (u,t) of (8), so we try to write that solution in
the form

g1(nt) Zf V(s)H (u,5)e i stds

-0

45 3 [Congam()+ Dumdiun(it)], (40)

n=1 m=1

where V(s) and the coeff C,,, and D, are to be deter-
mined from the given function g;(%,0)=G(#). Clearly,
if we can find V (5), Cnm, and D, at all, they will depend
linearly on G(#), so it suffices to consider only real G(u).
If we set t=0in (40), we obtain, in the notation of (37),
(38), and (39),

H(u)=V,(u)LH(u)+V_(n)L=(u), (41)
where
H(u)=G(u)—v,?
N o go'(u) go'(u)
nm . (42
XEI mz-l[ (u—s,,)”‘ (u—sn*)"‘] (42

If we can choose the const Cym and D, so that H, (s)
has a zero of order >», at s, and H_(s) has a zero of
Zvaats,¥,m=1, - N,then the functions £+(s)"H, (s)
and £~(s)"\H_(s) will satisfy conditions (1) and (ii) of
lemma 8, and therefore will be the V(s) and V_(s) of
some square integrable function V (x) of the real variable
x which can then be found as V (x) =V, (x)+ V_(x).
Thus we want to choose C,.n and Dy, in such a way
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that the expression

f:i(:‘) —"’PEZ Z[ fw_{lf_(f)i"__

_ n=1 m=1 o (U—3)(U—5,)™

* g (w)du
+Dnm ————_*-]
e (u—5)(u—s5,*)™
has zeros of order v, at s, and s,*, n=1, -+ -, N. From
the equation
1 1

(s—s)™(u—s)
m 1

(u—s)(u—s,)™

a=1 (§—§,)™ (5 —s5,)¢

and the fact that £7(s) and its first »,—1 derivatives
vanish at s,, it follows that

© g (u)du B
fm (u'”_s) (u_s")m—

£=(s)
(s—su)"

where £+ is used if $s>0 and £ is used if Js<O0.
Equation (43) remains true if s, is replaced by s,*.
Therefore we must choose Cjn, and Dy, so that

(43)

°°G(u)
+(s) wu-—s
T R
o nz—lm—l (s—sa)™ (s—s.*)

is analytic when 35>0, and that (44) with £* replaced
by £~ is analytic when 3s<0. Therefore the coefficients
Cam and Dy, are given by

1 356 (1)
- f (s—s.)™ s,
271052 £t(s)

where the contour of integration encircles s, in the
positive direction and includes no other zeros of £%.
That (45) gives C.., correctly is Cauchy’s theorem, and
D, is computed from (44) as a contour integral around
s,,*, which, because G (%) is real, is the complex conjugate
of the expression on the right in (45).

We have proved that the general solution of (8) is
(40) when g1(,0)=G(u) is square integrable and £*(s)
has no real zeros. If £t(s) has real zeros our proof breaks
down unless G (%) is analytic in a neighborhood of each
of those zeros so that the integral (45) can be evaluated.

The question might arise, £*(s) is defined by (21);
may it not follow that all zeros of £*(s) are simple, so
that the foregoing discussion can be much simplified.
The answer is negative and follows immediately from
lemmas 8 and 9. Any function f(s) with properties (i)
and (ii) of lemma 8 is 3C,ugo’ () for go' (#) =7 f (%), s0
by choosing an f(s) which takes the value v,72 to order

Dnm*=cnm= (45)
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va at $,, we produce an £+(s) with a zero of order v,
at $n.

One curious consequence of the fact that the V' (s) and
Crm; Dum in (37) are determined uniquely by g1(#,0)
(and we have proved this) is that the ‘“normal modes”
of this particular mechanical system, that is the solutions
of (8) whose time dependence is =2 for some s, real or
complex, do not form a complete set if £+(s) has re-
peated zeros. [ Note added in proof. E. A. Frieman has
called to the author’s attention K. M. Case’s paper,
Annals of Physics 7, 293 (1959), in which Case asserts
the contrary. Case has apparently generalized from *(s)
with simple zeros to those with multiple zeros, having
examined only the former problem in detail.] And if
£+(s5) has repeated real zeros and no zeros with Js>0,
Eq. (40) shows that all “normal modes” of the system
are bounded, while there are also solutions g;(#,f) which
grow like polynomials in time. In this special situation,
a test for stability which consisted in looking for
“normal modes” with &s>0 would lead to the erroneous
conclusion that the system was stable.

VIII. VALIDITY OF THE LINEARIZATION

If the stability of a mechanical system is to be
established by linearizing the equations of motion of
that system, the argument must include a verification
that if the neglected terms are initially small, they re-
main so forever. Even this is not a proof of stability, but
it is the best one can do with the linearized equations,
and a contrary result puts positive assertions about
stability in very serious doubt. It is the contrary result
which confronts us in the present instance.

Specifically, Eq. (4) was derived from Eq. (2) by
neglecting E-df,/dq in comparison with E-df,/dq. We
will restrict our attention to one-dimensional disturb-
ances, and will show that for steady distributions go(%),
which are stable in the sense of Sec. V [i.e., for which the
linear Eq. (8) has no explosive solutions] dgi/du grows
linearly with time at a rate proportional to its initial
amplitude.

To simplify the discussion, we assume that g,(#,0)
and go' () are analytic in a strip | 3%| <o in the complex
u plane and that [|go’(s)lys, I1g1(5,0)[|yn, and [Ig:(5,0)l4n
are bounded for |y| <a and n=1, 2. Wealsoassume that
there is a positive a such that [£7(s)| <« and
|d£"Y/ds| <a when §s> —a. These restrictions do not
exclude that go(#) be the Maxwell distribution.

If we differentiate (23) with respect to #, a term
(u—s)~? will appear inside the integral; it can be re-
duced to (#—s)™ by an integration by parts with
respect to s. If the contour of integration is then moved
down to Js=—a, account being taken of the pole at
s=u, the result is

agl(u’t)/au___ _iktgl(u7t)+h1 (u:t)r (46)

where &1 (u,t), ||hi(,8)||1 and ||1(u,t)||2 are bounded. To
show that g,(%,f) does not approach zero as { — «, we
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return to (23) and move the contour of integration down
to 3s= —a, obtaining

g1(u,t)=e" %" g1(u,0)
+ &7 ()go’ ()3Cung1(2,0) ]+ ga(u)t), (47)

where g.(%,t) behaves like ¢~2*% as  — . The fact that
the smoothness requirements of the present section lead
to an indefinitely prolonged oscillation in gi(u,f) was
pointed out by Landau.!

From Eqgs. (46) and (47) it is clear that |dg:/du]
grows linearly with time, and will eventually dominate
go' (u).

There appear to be two possible difficulties with the
foregoing argument, neither of which is in fact a real
difficulty. The first is that although dg;(%,t)/du grows
linearly with time, the term which has been neglected in
the linearization of (2) is really Q()agi(u,t)/du, Q(t)
being the electric field times a factor depending on 4.
When g,(,0) is analytic in a strip |S%|<a, in the
complex % plane, and go(x) is a Maxwell distribution
with rms thermal velocity o, Landau! has shown that
Q(t) goes to zero exponentially with a decay rate which
is the smaller of @,k and

e=w,(r/8)}(kAp)? exp[—3(RAp)*],  (48)

where Ap=0/w, is the Debye shielding length. We will
assume that ¢, is so large that the decay rate is e. Thus
eventually Q(£)g:1(#,t)/ du becomes negligible as t — .
In thermonuclear plasmas, however, ¢ is in fact so very
small that this Landau damping will not have time
to become effective before the linearization fails.
To get an idea of the orders of magnitude in-
volved, let go(x)= (2m)}s" exp(—3}u4?/o?) and gi(»,0)
=8(2r) Yo exp(—}(u—w)*/a1?) where w, o, 01, § are
positive constants. The expected size of 8 can be esti-
mated by noting that 8 is the total charge density of the
initial disturbance, so the electrostatic voltage produced
by the initial disturbance is ¢=4xNeBk=2. In the
velocity range |#—w| <e;, which contains most of the
disturbed particles,

gz(u,o)
go'(u)
) 9g1(%,0)/du
gol(u)
Since |dg1(u,t)/du| ~kt|g:1(u,0)|, from (49)
g1 (u, kBa?
M ~t i) exp(w?/20?)
go'(“)

g1w
when ¢ is large. Unless Q(¢) has become very small, the
linear theory fails when the term on the right becomes
comparable to 1, i.e., when

oW (KT) exp(—u?/20%)

W pl ——
a? (kX p)?

Ba?
~— exp(w?/20?)

a1w
Bo?

gy

(49)

=

exp (w?/20%). (50)

(51)

ed

) (52)
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where « is Boltzmann’s constant and T is the tempera-
ture of go. If T=10 ev and N =10 cm™3, as one might
expect in a typical thermonuclear plasma, then Ap=2.4
X10~% cm. For a disturbance in which ¢ is initially 1 v,
w=2¢,01=0/2, and k=27 cm™, (52) gives wi=4X 108,
Thus the linear theory will be valid for about 6X107
plasma oscillations or about 2.2X 10~ sec, since w,=1.8
X102 sec. The Landau damping rate (48) is, in the
present instance, about exp(—2.3X 10%) sec™), so that no
observable Landau damping occurs. It should be noticed,
incidentally, that our choice ¢=1 v makes 8 so small
that the right side of (50) is much less than 1, which is
the condition for the applicability of the linear theory
near time ¢=0.

The second possible difficulty with the foregoing argu-
ment that the linear theory eventually fails is that the
discussion so far has been restricted to disturbances
whose initial # dependence involved a single pure wave
number. Will the argument still be valid for real dis-
turbances with broad wave-number spectra? That it
will can be seen immediately from (46) and (47). If we
take inverse Fourier transforms with respect to k in (46),
we obtain

fl (x)u7t) =}(x_ Mf, u)+fa (x’u7t)a (53)

where
fay =i [ Costhe0)

+ £ (k;u)gol (u)SC wv§1 (k:v’o)]eikzdk (54)

and df,/9u is bounded as { — «. The convergence of
the integral defining f(x,u) is assured by the assump-
tions made at the beginning of the present section, and
in fact f(x,%) is integrable with respect to % and square
integrable with respect to x. Obviously 8f1/d# is linear
in ¢ for large ¢.

IX. CONCLUSIONS

In a collisionless plasma whose protons are fixed and
whose electrons have a steady Boltzmann distribution
function go(#) with integrable derivative, we have
shown (Sec. IIT) that no disturbance g;(k,u,t) in the
electrons’ distribution can grow too rapidly to have a
Laplace transform, and in fact that none has a growth
rate larger than the plasma frequency of the steady
distribution. We have then shown (Sec. IV) that if g(u)
is integrable, the linearized Boltzmann equation has a
solution gi(u,t) for which g,(#,0)=g(«), and we have
shown that Landau’s expression for that solution is
valid; it is not necessary to assume that go(#) and g(u)
are analytic in a strip in the complex # plane.

We have examined (Sec. V) Landau’s criterion for the
stability of a plasma, namely the existence of zeros of
L(5)=RKwyr— S g () (u—s)"'du in the closed upper
half-plane; we have used a definition of stability differ-
ent from Landau’s, namely that not only should the
voltage produced by the disturbance remain bounded,
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but the disturbance g;(%,) in the distribution function
of the electrons should remain small in the sense that
J lg1(u,t)|du remains bounded. We have shown that
stability depends on the smoothness of the initial dis-
turbances g1(%,0) which we permit. If we restrict our-
selves, as did Landau, to disturbances analytic in a
strip |3u| <a in the complex % plane, then when £(s)
has zeros with Js>0, or multiple zeros with Js=0,
go(w) is certainly unstable. When £(s) has no zeros with
Bs>0 and only simple zeros with Js=0, then, with
certain added smoothness conditions on go and inte-
grability conditions on g,(#,0), gois stable. If £(s) has no
zeros with Js>0, and if further |£(s)| is bounded
below when Js>0, then we need assume only that
go () and gi(#,0) are integrable and square integrable
or that go'(#) is integrable and g’ (»,0) is integrable and
bounded in order to prove that go(#) is stable. However,
if we permit disturbances gi(#,0) integrable but not
square-integrable, even the Maxwell distribution is
unstable. And if £(s) has a real zero of first order and
we permit all integrable, square integrable disturbances,
go(u) is unstable.

In Sec. IV, we have applied these criteria to several
examples. If a w exists such that (w—u)gy' (22)>0 when
u=w, we have shown that, under certain mild condi-
tions of smoothness, go(#) is stable to integrable, square
integrable disturbances. As a consequence, we have
shown that, with a mild smoothness condition, all
isotropic, three-dimensional distributions fo(q) are
stable to integrable, square integrable disturbances. In
particular, the Maxwell distribution is stable.

An entirely different approach to the initial value
problem, Van Kampen’s expansion in normal modes,
has been examined in Sec. VII. It has been shown that
Van Kampen’s normal modes with real frequencies are
complete only when go(x#) is stable, and that Van
Kampen has implicitly introduced the assumption of
stability (which he never makes explicit) by restricting
his attention to isotropic, three-dimensional distribu-
tions. The modification of Van Kampen’s scheme for
unstable # is worked out when £(s) has only finitely
many zeros with Js>0. It is shown that the normal
modes (defined as solutions with exponential time de-
pendence) are no longer complete, and that as a result
examination of those modes alone can lead to the
erroneous conclusion that an unstable go(%) is stable.

Finally, in Sec. VIII, we examine the basis for the
linearization, namely that dg;(#,t)/d% remains negli-
gible in comparison with go’(%) if it began so. We find
that for sufficiently smooth go(#%) subjected to suffi-
ciently smooth disturbances g;(%,0), the linearization is
not justified indefinitely; in fact agi(w,t)/du grows
linearly with time at a rate proportional to its initial
amplitude. An example shows that this growth is not
always so slow as to be negligible in practical problems.
In consequence, serious doubt is cast on any positive
conclusions about stability obtained from the linear
theory.
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The density expansions of the pair distribution function and potential of average force are analyzed topo-
logically in terms of cutting points and bifocal points. The analysis leads to conversion of the expansions
into series with cluster integrals involving products of the total correlation functions, 4(r)=g(r)—1, at
finite density, rather than the usual zero-density Ursell f-functions. An integral equation for the pair potem-
tial of average force and the pair distribution function is thus obtained. The equation is formally exact and
closed in pair space, involving no triplet distributions such as occur in the treatments of Kirkwood and
Yvon-Born-Green. Solution of the equation also yields directly the Ornstein-Zernike direct correlation func-
tion. Equations for the free energy in terms of the direct correlation function are presented, thus providing a
unified and self-consistent treatment of all thermodynamic properties of a many-body system. The relation
of the new equation to the Ornstein-Zernike theory of liquids and to phase transitions is discussed. The
possibility of derivation for condensed phases is briefly noted. A simple approximation, involving only the
convolutory terms in the cluster expansions of correlation functions, is proposed.

1. INTRODUCTION

HE present series of papers deals mainly with the
systematic application of the methods of graph
theory to the summation of cluster integral series for
distribution and thermodynamic functions of classical
many-body systems. In the previous publications of this
series™® we have obtained highly summed expressions
for the pair (‘“radial”) distribution function, free en-
ergy, and pressure of fluids. It has been noted® that
the repeated summation of certain well-defined classes
of graphs in the density expansions of the potential of
average force and the pair distribution function results,
in the limit, in an integral equation which, within a
more general framework, permits a formally exact
treatment of a many-body system. The present publica-
tion deals, in part, with the details of that development.
An equivalent formal treatment has recently been
published by J. M. J. van Leeuwen, J. Groeneveld, and
J. de Boer.* However, the main subject of our present
publication consists of an attempt at the elucidation of
the physical meaning underlying the formal classifica-
tion of cluster graphs. We emphasize the close con-
nection of our treatment with the Ornstein-Zernike
theory of liquids® and thus with the problem of phase
transitions. Such an elucidation of the precise physical
meaning of entire classes of cluster graphs is certainly
necessary if the formal theory is to be applied to actual
physical models of many-body systems. So far it has

* Reported at the American Physical Society Annual Meeting,
New York, Jan. 27-30, 1959; and at the International Plasma
Physics Institute, Seattle, Washington, Aug. 31-Sept. 5, 1959.
Much of the work reported in this paper was done during 1958
while the author was at the Stanford Research Institute.

1 E. Meeron, Phys. Fluids 1, 139 (1958).

2E. Meeron, J. Chem. Phys. 28, 505 (1958); errata ibid. 29,
444 (1958).

3 E. Meeron and E. R. Rodemich, Phys. Fluids 1, 246 (1958).

*J. M. J. van Leeuwen, J. Groeneveld, and J. de Boer, Physica
25, 792 (1959).

5L. S. Ornstein and F. Zernike, Proc. Acad. Sci. Amsterdam 17,
793 (1914); see also L. Goldstein, Ann. Phys. 1, 33 (1957).

been carried out only for sums of the simplest kinds of
graphs (chain and ring integrals), both in classical and
quantum systems. We hope that the developments in
this and in succeeding publications will ultimately lead
to an understanding of the meaning and application of
the exact theory and of the approximations derived
from it.

The classical treatment of the many-body problem
involves two main techniques. In the case of gases the
prevalent method is that of density expansions (virial
expansions), using the cluster integral technique origi-
nated by Ursell, and further developed by Mayer and
collaborators.® This method is rigorous within the limits
of superposition of direct pair potentials, and the radius
of convergence of a Maclaurin series in number density.”
In practice, however, already the calculation of the
fourth virial coefficient in a density expansion of pres-
sure (and the corresponding coefficients of density ex-
pansions of the potential of average force and the pair
distribution function®) has not proven feasible analyti-
cally except in the case of a fluid of hard spheres with
no attractive interaction.® Thus, density expansions are
useful principally for gases at low density, even though
there is no evidence to the effect that, in the absence of
phase transitions, their radii of convergence do not
extend to large values of this parameter.

The work of McMillan and Mayer® has shown that
the expressions for the coefficients in density expansions
of distribution and thermodynamic functions of dis-

6¢H. D. Ursell, Proc. Cambridge Phil. Soc. 23, 685 (1927);
J. E. Mayer and M. G. Mayer, Statistical Mechanics (John Wiley
& Sons, Inc., New York, 1941).

7 B. Kahn and G. E. Uhlenbeck, Physica 5, 399 (1938).

8 The coeflicient of the nth power of density in the virial ex-
pansion of pressure corresponds to the coefficient of the #-2-nd
power of density in the expansions of pair distribution function
and potential of average force.

9 Majumdar, Bull. Calcutta Math. Soc. 21, 107 (1929); B. R. A.
Nijboer and L. van Hove, Phys. Rev. 85, 777 (1952).

(1;’4\;\;. G. McMillan and J. E. Mayer, J. Chem. Phys. 13, 276
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persed phases have the same form as for gases, if the
direct pair potentials appearing in the latter are re-
placed by the pair potentials of average force at infinite
dilution of the disperse phase. Thus, the density ex-
pansion method is, in principle, applicable to systems
such as solutions, impurities, holes in semiconductors,
etc. Here, in addition to the difficulty of evaluating the
higher coefficients, we are confronted with the fact that
the form of the potentials of average force at infinite
dilution is not known for most substances. The method,
however, has been applied to ionic solutions where a
physically plausible form for the pair potentials of
average force at infinite dilution is provided by the
Coulombic potential combined with the experimentally
determined (and temperature dependent) dielectric
constant of the solvent.!! Recently, an elegant applica-
tion of density expansions to dilute random ferromag-
netic systems has been developed by Brout.*?

The other principal method for determining correla-
tion and thermodynamic functions is due to Kirkwood,*
Born and Green, and Yvon."* The method consists of
differentiating the original partition function with re-
spect to a parameter pertaining to a single particle. One
then obtains an exact integral or integrodifferential
equation which involves both the pair and triplet dis-
tribution functions. Since all thermodynamic functions
can be calculated when the pair distribution function is
known, we could, in principle, derive all the equilibrium
properties of our many-body system if we had an exact
relation between the triplet and pair distributions, in
addition to the integral equation. Such a relation is
not known. An approximation which has been widely
used, known as the Kirkwood superposition principle,!
consists of assuming that the triplet distribution is the
product of the three pair distributions (or, equiva-
lently, that the triplet potential of average force is the
sum of the three corresponding pair potentials). The
superposition principle has been shown to be exact to
the first order in the coupling parameters of the par-
ticles involved.! Its application yields the exact second
and third virial coefficients in the density expansion of
pressure.!’® Beyond that, however, the superposition
principle is certainly not exact. Thus, e.g., its use
destroys the consistency between the expression for
pressure as obtained from the virial theorem and that
derived from the compressibility integral®!” An even
more serious inconsistency arises from the fact that the
superposition approximation destroys the symmetry of
the pair distribution function with respect to inter-

E Mayer, J. Chem. Phys. 18, 1426 (1950); E. Meeron,
zlnd 26 804 e, 957) 28, 630 (1938).
12R Brout Phys. Rev. 115, 824 (1959).
BT, G. Klrkwood J. Chem. Phys. 3, 300 (1935).

4], Yvon, Actuahhes Scientifiques et Industrielles (Herman et
Cie, Paris, 1935) M. Born and H. S. Green, Proc. Roy. Soc.
(London) A118 10 (1946).

(1;55,1) G. Kirkwood and J. C. Poirier, J. Phys. Chem. 58, 591

16 However, see Appendix to reference 1.

17 Hart, Wallis, and Pode, J. Chem. Phys. 19, 139 (1951).
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change of the two particles involved, even though such
symmetry is demanded by the very definition of that
function.

In the present publication we derive an exact integral
equation for the pair potential of average force, i.e.,
for the pair distribution function. The derivation
follows from topological analysis of the structure of the
cluster coefficients in the density expansions of the
potential of average force, pair distribution function,
and the Ornstein-Zernike direct correlation function.’
This analysis is carried out by the methods employed
in previous publications,’* employing the fundamental
chain and ring summation technique devised by Mon-
troll and Mayer.!® The resulting rigorous integral
equation, while formally closed (i.e., involving only
pair distribution functions), contains a term given by
an infinite series of finite-density cluster integrals, thus
necessitating an approximation of some form. Such an
approximation is in fact readily found, and will be dis-
cussed in detail in the following paper in this series.”®

In the next paragraph of this section we describe the
notation used throughout this paper. The following sec-
tion includes a brief description of cluster expansions
of potentials of average force, distribution functions,
and free energy, and topological analysis of the clusters
involved. In the third section we derive and discuss the
new integral equation. The Ornstein-Zernike direct
correlation function® and a new formula for the free
energy form the subject of the fourth section. Section 5
is devoted to a general discussion, including the relation
of the singularities of the new integral equation to
phase transitions, and the derivation® of that equation
without recourse to Maclaurin series in number density.
Such a derivation would extend the validity of the
equation to include condensed phases.

In this exposition we deal principally with one-
component systems, for the sake of clarity. However,
the final equations are readily extended to include
multicomponent systems, using the multicomponent
notation introduced in a previous publication.” These
equations are given in the Appendix.

Three-dimensional Fourier transforms of functions
dependent on spatial vectors are extensively used in
this publication. We denote such transforms by the
same symbols as the original functions, except that the
“Fourier space” variables, k, ki, etc., will be used in-
stead of the original vectors r, r;, R, etc. Thus, in
general,

G(k)=fG(r) exp(tk-r)dr, (1.1a)

G(r)= (2m) f G(k) exp(—ik-nidk.  (1.1b)

B E. W. Montroll and J. E. Mayer, J. Chem. Phys. 9, 626
(1941).

19 E, Meeron, submitted to Phys. Rev.

2 E. Meeron (to be published).

2 E. Meeron, J. Chem. Phys. 27, 1238 (1957).
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Integrals over the coordinate space of a set n of n
particles will be denoted by a single integration sign and
a single differential; any function F(ry,---,r,) of the
coordinates of the particles of that set will be denoted
by F(m); the set of coordinates ry,- --,r, will be de-
noted by (n),

fl f Flra, - a)dry. - -den= f F(n)d(n). (1.2)

Since we are dealing with a single component system,
in general we omit subscripts on functions pertaining
to a definite set of particles. When such identification
is necessary, we use the notation W,x(R;:) and W (ik),
etc., interchangeably, according to circumstances. The
multicomponent notation® will be used in the appro-
priate equations.

2. DENSITY CLUSTER EXPANSIONS OF DISTRIBUTION
FUNCTION AND FREE ENERGY

The pair (“radial”) distribution function g(rr;)
=g(1j) of particles 7 and j is usually defined by the
statement that p?g(¢j) is the probability density of
finding particles ¢ and j at the set of coordinates (35)
=T1,I;, in an infinite system at average number density
p. In a translation-invariant system (e.g., in the absence
of external fields), the pair distribution function de-
pends only on the relative coordinates of the two
particles: g(27)=g(ri;)=g(R).

Potentials of average force may be defined in many
ways.2 For our purposes, the most convenient defini-
tion of the pair potential of average force is

W (ij)=W (R)=—kT Ing(R), (2.1)

where k is the Boltzmann constant and T is absolute
temperature. In a system at zero density, containing
only the two particles 7 and 7, the potential of average
force reduces to the direct pair potential U (37)=U(R)
and the pair distribution function reduces to the well-
known Boltzmann factor. It is therefore convenient to

Plij;1) = /\
S B ENZ RN
KM

Fic. 1. Examples of graphs in P(i; n). Numbers before graphs
indicate the number of times the corresponding topological type
of product of f-bonds appears in the sum, and result from the
number of ways in which particles of n may be distributed among

the nodes. Particles 7 and j are indicated by black dots and par-
ticles of # by circles.

2 See, e.g., T. L. Hill, Statistical Mechanics (McGraw-Hill
Book Company, Inc., New York, 1956), for a survey.
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write
WR)=U(R)—kTe(R;p) (2.2)
and
g(R)=[exp—B8W (R)]=exp[—BU (R)+¢(R; 0)]
=exp[—~BUR)Iv(R;p), (2.3)

where §=1/kT. These definitions effect a separation
between the density-independent, direct components of
g(R) and W(R), and the density-dependent, indirect
functions ¥(R; p) and ¢(R; p), respectively. Obviously,
we have ¢(R;0)=0 and v(R;0)=1,

For one-component systems, Mayer and Montroll®
have proved important combinatory theorems concern-
ing the structure of coefficients in the density expan-
sions of ¢(R;p) and y(R; p). We have

v R; =1+ 5 Z [ Plij; ma(o)

n21p!

(2.4)

The integrands P(ij; n) are products of the Ursell

A
w7 [N
N =)

F1c. 2. Examples of products in Q(#j; n).

Q(ij; 1)

f-functions,

f(tm)=exp[—BU (Im)]—1, (2.5)

of pairs of particles ? and m belonging to the set 7j+n.
These products are defined in terms of the topological
connections among the particles of this set. We repre-
sent each particle by a small circle (node), and each
f-function containing the coordinates of a given pair of
particles by a line connecting the corresponding pair
of nodes. The two particles are then said to be directly
connected. A pair of nodes may also be indirectly con-
nected, through one or more intermediate nodes; such
connections can be made by one or several paths. When
a node is connected to another node by at least two
paths, either directly or through mutually exclusive
sets of intermediate nodes, the pair is said to be multiply
connected* A node connected to a set a of two or more
other nodes, either directly or by paths involving mutu-
ally exclusive sets of intermediate nodes,* is said to be
independently connecied to the nodes of the set a. The
integrands P(ij; n), called P-sums, are sums of all
possible products of f-functions in which each particle
of the set n is connected independently to particles ¢

2 J, E. Mayer and E. W. Montroll, J. Chem. Phys. 9, 2 (1941).
% The intermediate nodes may also be connected among
themselves.
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and 7, and particles 7 and j are not connected directly
one to the other. Graphs describing some products in
the sums P(75; m) are given in Fig. 1. It should be noted
that these graphs may be regarded as the classical
analogs of the duals®® of the diagrams employed by
Feynman,® and by Lee and Yang? The direct quan-
tum-mechanical analog of our diagrams is provided by
the graphs used by Montroll and Ward?® and by
Levine.®

The potential function ¢(R,p) was shown by Mayer
and Montroli® to be given by

“Ro)=T f;; f 0ij; m)d(n).

Here the integrands Q(¢j; n) (Q-sums) are sums of all
possible products of Mayer f-functions, defined in the
same manner as the P-sums, but with the further re-
striction that nodes of the set n must now also be con-
nected among themselves independently of nodes ¢ and
J» i.e.,, without involving these nodes. Examples are
given in Fig. 2. Equations (2.5) and (2.6) were later
extended to multicomponent systems.?
I

H 2

F16. 3. Examples of products containing cutting points (mdlcated
by arrows). These are the products constituting 7(R).

The corresponding density expansion for the coordi-
nation energy density (the Helmholtz free energy of
interaction per unit volume) —gF;V~! was obtained for
one-component systems by Born and Fuchs,® and later
extended to multicomponent systems.’* We have

—oh =A(p)= E——

n>2 n

R(n)d(n), 2.7

where V' is the volume. The integrands R(n) here are
sums of products of f-functions in which all particles
of the set n are multiply connected. The only exception
is R(2) which consists simply of the single f-function
f(i7). The integrations are carried out over the co-
ordinates of all particles of the set n, except one, with

* The dual here is obtained on replacmg point by line, and
line by point, in the original diagr

26 R. P. Feynman, Phys. Rev. 76 749 769 (1949).

27T, D. Lee and C. N. Yang, Phys Rev. 113, 1165 (1959).

# E. W. Montroll and J. C. Ward, Phys. Flmdsl 55 (1958).

# H. Levine, Phys. Fluids (in press)
(;"31\% Born and K. Fuchs, Proc. Roy. Soc. (London) A166, 391
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%K, Fuchs, bid. A179, 408 (1942).

(2.6)

195

<N
<P

respect to the coordinates of that one particle.”” The
pressure P is now given by

F1e. 4. Graphs with no cutting
points. These constitute ¢ (R).

ad
BP=p—pa—A (p)+A4 (p). (2.8)
o

This relation was also extended to multicomponent
systems.*! In practice, a more useful quantity is
given by the coordination energy per particle

—BFiNT'=A(p)/p=S(p). (2.9
The equation for pressure now becomes
(i}
BP=p—p—S(p). (2.10)

dp

3. THE PROTOTYPE EXPANSION AND THE
INTEGRAL EQUATION

After the introductory definitions of Sec. 2, we are
ready for more detailed topological analysis of the
graphs constituting the Q-sums and P-sums. A little
reflection will show that the P-sums are, in effect,
products of the Q-sums (Figs. 1 and 2). Therefore, we
shall confine the detailed analysis to the Q-sums, and
present the final results for v(R; p) in terms of ¢(R; p).
First, we note that the graphs belonging to the Q-sums
may be divided into two classes. In Fig. 3 we have the
first class of the Q-graphs. These are all characterized
by the fact that each graph can be separated into two
or more graphs by cutting at one or more points. These
points of separation are known in graph theory as
culting points (or articulation points). On the other
hand, we have the second class of graphs, depicted in
Fig. 4, which cannot be thus separated into two or
more connected graphs. In other words, these graphs
contain no cutting points.

We separate the two types of graphs in each Q-sum
and put each type in a separate integral. The sum of
the integrals of all graphs containing cutting points
(with each integral multiplied by the appropriate
factor p"/n!) is denoted by 7(R;p) and called the 7-
sum. It should be emphasized that this sum contains
parts of each integral of Q(éj; n), =1 to . The corre-
sponding sum of all integrals of graphs containing no
cutting points is denoted by {(R; p). Clearly, the first
term in this {-sum starts with #=2 (see Fig. 2). Thus,

% 1t should be noted that perhaps the simplest and most gen-
erally applicable derivation of the cluster nsion of A(p) has
been recently devised by Brout (reference 12).
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F16. 5. ¢-graphs con-
taining bifocal points
(indicated by arrows).

formally, we may write
e(R,p)=7(R,0)+{(R,p). 3.1

Let us now take a look at the r-sum (Fig. 3). Let us
define edjacent cutting points by the statement that
there are no other cutting points hetween two such
adjacent cutting points (or between a cutting point and
node < or j to which it is adjacent). Between such two
points there are only subgraphs which contain no
cutting points. These subgraphs, however, contain not
only graphs from the ¢-sum but also their products, and
products of graphs from the r-sum. In addition, each
adjacent pair of cutting points may be connected by a
direct f-bond. The only type of connection not allowed
here is any single graph from the 7-sum. Since the nodes
in the subset between adjacent cutting points are con-
nected to the rest of the nodes only through these two
cutting points, we can integrate over the coordinates of
the connecting subset separately, and the integral will
be a function only of the relative coordinates of the two
adjacent cutting points. From this factorization of the
integral it follows that we may sum over all possible
subsets between these cutting points, and all allowed
combinations of connecting subgraphs. Now, all possible
connections between the adjacent cutting points, in-
cluding the direct f-bond, are given by the function

h(r; p)=[14+f() Iy (r;p)—1=g(n—1. (3.2)

This can be seen as follows. Any two nodes from the
set mt (or node 7 or j and one node from the set n) can
be connected by a direct f~-bond, by a Q-graph, by a
product of Q-graphs, or by a f-bond combined with
either of the two previous types of connection. All con-
nections via a single Q-graph would thus be given by
e(r; p), with r the vector from one node to the other.
Connections »ia a product of s Q-graphs are then given
by [e(r; p)]°; this includes all possible combinations of
products of different or identical Q-graphs. However,
many identical graphs would thus be counted many
times over, even though they correspond to the same
Jf-bond product. (Thus, e.g., in P(4j; 2), Fig. 1, inter-
change of the two nodes of the set 2 in the last graph
does not result in a new f~bond product). From straight-
forward combinatory arguments it follows!! that
[e(r; p)J* has to be divided by s! in order to avoid such
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a multiple counting of identical f-bond products. Thus,
summing over all s from 1 to «, we get just exp[ (r; p)]
—1=+(r; p)—1. This combination does not contain the
direct f-bond. Therefore we add f(r)[v(r;p)—1], and
finally we add the single bond f(r). The sum is just the
function k(r;p) of Eq. (3.2). This function, however,
contains also all single Q-graphs, including those with
cutting points, i.e., it contains the entire r-sum. Since
the r-sum contains cutting points, it has to be excluded
from among the allowable subgraphs connecting any
two adjacent cutting points. This is done simply by
substracting 7(r; p) from the function %(r; p) defined in
Eg. (3.2). Thus we define the function ¢(r; p) connecting
any two adjacent cutting points in the r-sum by

c(t; p)=h(x;p)—=7(1; p). (3.3)
Now, consider the Mth term in 7(R), containing #
cutting points. The integration is over the coordinates
of the M particles, and the integral is multiplied by the
factor p™/M! The M particles are divided into the #
particles constituting the cutting points, and into n+-1
subsets each of which contains @, particles, with
1<m<#n+1. Each subset of a, particles is located on
a graph with a, nodes and no cutting points. The set
M can be divided into the subsets n and a, in M/
nla;l: - -@,41! ways. The factor M'! is cancelled by the
factor 1/M ! before the integral, and the factors 1/a,},
each multiplied by p™ (taken from p*), are absorbed
into the appropriate terms of the functions c¢(r;p).
This leaves the total integral multiplied by p"/n!
However, the » cutting points can be distributed in %!
ways between particles 7 and j. Thus, the factor 1/x!
is cancelled, and we obtain

"(Rip)= T o f o(i1; p)c(12; p) - -

(3.4)
Xe(n—1,n;p)c(ng; p)d(n),

c(m; p)=c(tum; p).

This equation represents simply a grouping of terms in
the 7-sum according to increasing number of cutting
points. As we shall see later (Sec. 4), the function ¢(r; p)
is just the Ornstein-Zernike direct correlation function.?

We now take the Fourier transform of both sides of
Eq. (3.4), using the convention of Eq. (1.1). Applying
the multiple convolution theorem on Fourier trans-

t j @ F16. 6. {-graphs with no

bifocal points. These are

% % the prototypes.
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Prototype Derived bifocal graphs

——

m-H B -
AP By -

F16. 7. Derivation of graphs containing bifocal points
from prototypes.

forms,®_ weJobtain

: _ k: o)
7(k; )= glp"[c<k;p>1"+l=M

1—po(k; p)’

By using Eq. (3.3), rearranging, and inverting, we have

(3.5)

“(R)=p f H(R—ATh(D)— () Jdr
— f h(R=D)[h(D)— (D) +£ ) Jdr. (3.6)

In Eq. (3.6) and from now on omit the variable p from
ourfunctions, their density dependence being implied.*
Equation}(3.6), on substitution in (3.1), yields

«(R)=p f h(R=1)[h()— D)+ (O Jr-HER). (3.7)

Since A(r) is given in terms of (r) [Eqgs. (3.2) and
(2.3)7], we have here an integral equation involving two
unknown functions, and we must express one in terms
of the other. In order to do this, let us take a closer
look at the graphs included in { (R). We note that these
graphs can be again classified into two groups. In Fig.
5 we have some {-graphs which are characterized by
the fact that each of these can be separated into two or
more graphs by cutting at one or more pairs of nodes.
Each of the resulting separate graphs contains at least
one node, and nodes i and j must remain in the same
graph. The pairs of nodes at which separation of the
original graph is effected will be called field bifocal
points, or, briefly, bifocal points.?® In Fig. 6 we have

8 A general derivation is given in the Appendix to the third refer-
ence in footnote 11. The theorem was first published by Montroll
and Mayer (reference 18). . .

% Strictly speaking, the present derivation of Eq. (3.6) is valid
only for |pC(E)| <1, When |pc(k)| >1, Eq. (3.5) is an analytic
continuation for 7(k). However, this analytic continuation is
justified by the fact that the equivalence of Eqs. (3.4) and 3.6)
is easily proven by induction.

3 The definition of a (general) bifocal point would not involve
the restriction on nodes ¢ and § to remain in the same graph. We
omit the prefix “field” throughout the present paper for the sake
of brevity. Trifocal points and focal points of higher order can be
defined in an entirely analogous manner. A cutting point now be-
comes a (general) unifocal point.
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some {-graphs which contain no such bifocal points.
These {-graphs will be called prototypes. We now note
that any graph of the first group (containing bifocal
points) is derived from a prototype on replacing the
direct f-bond in the prototype by the appropriate sub-
graph (Fig. 7). Clearly, all these possible subgraphs are
included in the function %(r). Thus, the {-sum may be
contracted as follows:

rR=x = f Z(ij; m)d(n). (3.8)
n>2p!

Here the integrands Z(ij; n) are sums of all possible
products of functions k(r) connecting the particles of
the set 7j+mn in protype patterns. In Fig. 8 we have the
graphs describing Z(i7; 2) and Z(3j; 3).

Equations (3.7) and (3.8) provide, in principle, a set
of equations closed in pair space whose solution would
yield values for the pair potential of average force
W(R), the pair distribution function g(R), the total
correlation function 4(R), and the direct correlation
function ¢(R). Of course, their practical application is
limited by the fact that {(R), Eq. (3.8), is an infinite
series of highly connected cluster integrals. Further
discussion of Eqgs. (3.7) and (3.8) is postponed to the
last section. However, we would like to note here that,
within the limits of validity of density expansions,
these equations are exact.

The prototype expansion of the pair distribution
function is now readily obtained from Egs. (2.3).

g(R)=exp[—BU(R)+7(R)]

x[1+ s 2 [ aw;; n)d(n)], (3.9)

n>2 0!
with 7(R) given by Eq. (3.6). The sums H(ij; n) are
sums of all possible products of graphs of Z(ij; m), de-
rivable within the set 45+n. Thus, we have H(if;2)
=Z(i;2), H(ij;3)=Z(ij;3), but H(j;4)=Z(ij;4)
+4[Z (55 2) F-

A comparison of the prototype expansions with the
original Mayer-Ursell cluster expansions may be of
interest. Instead of the direct pair potentials U(r) in
the density expansions, we have the pair potentials of

Z(ij;2) = m

F16. 8. Graphs describing Z(if; 2) and Z(3f; 3) in the
prototype expansion.
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average force in the prototype expansions, and a large
number of graphs included in density expansions is
missing from prototype expansions. It should be empha-
sized that the bonds in prototype expansions are
density dependent. Finally, we would like to note that
the prototype expansions seem to represent a complete
summation of the density cluster expansions. Any fur-
ther summation of prototype graphs would necessitate
analytic methods for evaluation of #-polar integrals (as
opposed to the relatively simple bipolar integrals em-
ployed in convolutions). Such techniques do not appear
to be available at present. Furthermore, the combina-
tory problems involved are quite formidable.

The derivation of the corresponding prototype ex-
pansion for the coordination energy density is con-
siderably more complicated. This derivation forms one
of the subjects of the next paper in this series.”

4. THE DIRECT CORRELATION FUNCTION AND THE
ORNSTEIN-ZERNIKE INTEGRAL EQUATION

As we have mentioned in the previous section, the
function ¢(R) is the direct correlation function first
defined by Ornstein and Zernike.®?® As is well known,
the function Z(R)=g(R)—1 correlates total density
fluctuations at the two points separated by R, includ-
ing also the effects of indirect correlations through all
the remaining particles of the system. This interpreta-
tion can be seen from the following considerations. The
average density around a particle j when particle ¢ is
fixed at R=ri; is given by pg(R). However, the average
density in the system is p. Thus, the mean density
fluctuation around j, due to the presence of particle 7 is
given by pg(R)—p=ph(R). The physical meaning of
the direct correlation ¢(R) is not quite as simple. How-
ever, the function is mathematically clearly defined by
the Ornstein-Zernikeintegral equation

B(R)=c(R)+p f KR=1)c(r)dr.  (4.1)

Equation (4.1) expresses the fact that the fofal correla-
tion #(R) in density fluctuations is the sum of the direct
correlations ¢(r) from all points in the system. From
this interpretation it is seen® that the direct correlation
function ¢(R) is finite and of short range even at critical
points.

We now proceed to outline the proof that the direct
correlation function is indeed given by the relation (3.3).
The density expansion of ¢(R) may be written as a
Maclaurin series,

n

(R)= % Ze®),

>0

a*c(R)
] . (4.2)
c')p" =0

3 In the original publication, Ornstein and Zernike use the
symbol f(r) to denote pc(r), and the symbol g(r) to denote pk(r).
The present notation is adopted in order to avoid confusion with
the usual symbols for the pair distribution function and the
Ursell f-function.

cu(R)=[
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Now, Eq. (3.3) means that each coefficient in the
density expansion of ¢(R) includes only those graphs
from the corresponding coefficient in the expansion of
k(R) which contain no cutting points. On letting p=0
in Eq. (4.1), we obtain

co(R)=ho(R)=f(R). (4.3)

On differentiating Eq. (4.1) once with respect to p,
letting p=0, and rearranging, we obtain

61(R) = (R)— f Io(R—1)co (r)dx

=)~ [ f(R=Df(ar. (4)

But from the density expansion of g(R), Egs. (2.3) and
(2.4), and the definition A(R)=g(R)—1, it follows that

In(R)=exp[ —6U (R)] f P(ij; dn,

=[1+/®)] [ FR=Dfwdr. @5)
Equations (4.5) and (4.4) yield

a(®)= [ FRF(R=p)f(r)ar. (4.6)

The graph corresponding to this expression (triangle
with 7, j, and 1 as vertices) has no cutting point. Thus,
our statement is true for the zeroth and first terms in
the density expansion of ¢(R). Its extension to include
any term in the expansion follows readily by induction,
through #-fold differentiation of Eq. (4.1). Since the
function 7(R) in Eq. (3.3) contains all terms in 4(R)
which have cutting points, and is substracted from
h(R), we see that the function ¢(R) defined by that
equation is indeed the direct correlation function as
defined by Eq. (4.1). The function 7(R) may thus be
interpreted as the sndirect correlation function, r(R)
=h(R) (total correlation)—c(R) (direct correlation).
It is immediately seen that Eq. (3.6), the integral equa-
tion for 7(R), is in fact entirely equivalent to the
Ornstein-Zernike integral equation, Eq. (4.1).

For the purposes of discussion (Sec. 5), it is conveni-
ent to rewrite Eq. (4.1) as follows:

HR)=c(R)+ 5 pr f c(@)e(12)- - o(n)d(n). (4.7)

n>1

This equation is obtained from Eq. (4.1) by repeated
substitutions. It emphasizes the meaning of the direct
correlation function: the total correlation of particles 7
and j is the sum of the direct correlation, direct correla-
tion through one particle, through two particles, and
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so on. The inverse of Eq. (4.7) is
c(Ry=#h(R)
+ Z>11 (—p)» f B(i)R(12) - - - h(nj)d(n). (4.8)

Further discussion is postponed to Sec. 5.
The isothermal compressibility of our system is given
by a formula also derived by Ornstein and Zernike,®
1 9P
——=f—=

o [1+p f h(‘R)dR]— — [14ph(k=0) T

P s
—1—p f ((R)IR=1—po(k=0). (4.9)

This relation, using standard thermodynamic formulas,?
results in a new expression for the coordination energy
density A4 (p), and thus for the Helmholtz free energy,

84 (0)/dp*=c(k=0). (4.10)

Since both A(p) and 04 (p)/dp are zero at p=0, Eq.
(4.10) can be immediately integrated, yielding

. p PI
_BFiV—1=A(P)=f f c(p”; k=0)dp"dp’. (4.11)
0 Yo

In fact, it appears that the direct correlation function is
considerably more convenient in this respect than the
customarily employed pair distribution function g(R);
the use of g(R) necessitates either its knowledge as a
function of a coupling parameter® or rather elaborate
equations.?® It should be also noted that Eq. (4.11),
coupled with the density cluster expansion of ¢(R), Eq.
(4.2), immediately yields the corresponding expansion
of A(p), Eq. (2.7). Thus, we see that our integral equa-
tion, Eq. (3.7), yields all the thermodynamic quantities
of interest in a self-contained and consistent manner.

5. DISCUSSION

As we have noted previously, Eq. (3.7), together with
the prototype expansion for { (R), Eq. (3.8), constitutes
an exact integral equation for the function e(R), and
thus, through Eq. (2.2), for the pair potential of average
force and all other functions derived from it, in par-
ticular the direct correlation function ¢(R) and the pair
distribution function, g(R). Several problems arise in
connection with the new integral equation. First, we
have derived this equation starting from Maclaurin
series in number density. Therefore, the integral equa-
tion applies only to gases and disperse phases (solutions,
impurities, etc.) above their critical temperatures. The
radii of convergence of density expansions in the ab-
sence of phase transitions are not known. Of course, in

# For example, by differentiating Eq. (2.8) with respect to p.
8 ] G. Kirkwood and F. P. Buff, J. Chem, Phys. 19, 774 (1951);
see also F. P. Buff and R. Brout, J. Chem. Phys. 23, 458 (1955).
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the case of distribution functions as functions of ac-
tivity z, it has been shown® that in the absence of phase
transitions of any order, all singlet, pair, triplet---
distribution functions, and all their derivatives with
respect to the activity are continuous in that variable.
Therefore, since number density p is simply the singlet
distribution, it is continuous and continuously dif-
ferentiable with respect to the activity 2 as long as we
have no phase transition of first order. Hence, the
above conclusions regarding the behavior of distribution
functions as functions of z apply to them also as func-
tions of p. It follows that, in the absence of phase transi-
tions, distribution and related functions have no poles
on the positive p axis. Therefore, there exists an unique
analytic continuation for 2(R), ¢(R), and W (R) beyond
the radii of convergence of density expansions. Thus,
we may say that our summations are carried out for
values of p smaller than the radii of convergence of the
corresponding density expansions and, since the func-
tions involved must be analytic with respect to number
density, the sums which we have obtained [i.e., the
integral equation (3.7) and the prototype expansion
(3.8)] will be the unique analytic continuations of the
original expansions for values of p larger than their
radii of convergence. This argument holds also if the
functions involved have a finite number of complex

poles. It breaks down if the complex singularities are

infinitely dense, approaching the positive real p axis.
It appears, however, that such a situation would corre-
spond to a phase transition,® and we have excluded this
explicitly. Actually, we could not then even require
our functions to be continuous and continuously dif-
ferentiable®® We would like to emphasize that our
argument applies also to fluids below their critical tem-
peratures. In that case, the analytic continuation of our
density expansions should remain valid up to the point
of condensation, if indeed such a continuation should
be necessary at all (that is, if the radius of convergence
of the density expansions is lower than the density of
condensation).

From the above considerations it appears that the
singularities of Eq. (3.7) would correspond to phase
transitions. The fact that g(R) [and, therefore, 2#(R)]
is discontinuous as a function of p across a first- or
second-order phase transition means simply that 4(R)
will have a different analytic form for each of the phases.
On the other hand, the Ornstein-Zernike integral equa-
tion (4.1) in Fourier representation is

(5.1)

From Eqg. (5.1) it is evident that the singularities of

‘the Ornstein-Zernike integral equation (4.1) will occur

at values of p such that 1—pc(k)=0 for at least some
® J. E. Mayer, J. Chem. Phys. 16, 665 (1948).
4 C. N. Yang and T. D. Lee, Phys. Rev. 87, 404, 410 (1952).
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values of k; we would expect such a singularity to be
a branch point yielding different analytic forms for
h(R) for each phase.
* Now, our integral equation (3.7) in Fourier repre-
sentation is

pc*(k)

e(k)=r k)y=——+¢(k).
)=+ ()= — ()

Here again we have singularities when 1—pc(k)=0
unless these are exactly cancelled by singularities in
¢(k). Such a coincidence appears extremely unlikely
since the function {(R) consists of nonconvolutory
integrals fundamentally different from the simple con-
volutions constituting 7(R). A detailed evaluation and
development of the above considerations will be pub-
lished separately.?

The question of the validity of our integral equation
(3.7) for condensed phases (i.e., beyond the first ex-
pected singularity) is of particular interest. We note
that the Ornstein-Zernike relation (4.1), and thus also
the integral equation for r(R), is valid also for con-
densed phases, as is obvious from its derivation.’ Now,
this is a linear integral equation for %(R) in terms of
¢(R), of a type amenable to the Fredholm method of
solution. We have found® that the solution is just the
series given in Eq. (4.8), or Eq. (3.4). From the theory

(5.2)

of the Fredholm method it follows that these series con-.

verge absolutely except for certain values of p (pre-
sumably corresponding to phase transitions).

As has been mentioned previously, the prototype ex-
pansion of {(R), Eq. (3.8), is an infinite series of ex-
tremely complicated cluster integrals involving the
unknown functions

h(r)=exp[—BU(1)+¢(r)]—1

which are to be found from the solution. The obvious
approximation consists of cutting off the prototype ex-
pansion after a few terms. However, even if we include
only the first term (#=2) in {(R), we obtain an in-
tegral equation for ¢(R) which, to say the least, is not
readily amenable to solution even with a high-speed
computer, except possibly for extremely simple (and
physically unreasonable) direct interaction potentials.
Furthermore, the physical meaning of such an approxi-
mation is obscure. A still simpler approximation results
from assuming {(R)=0. If we denote the resulting
approximate functions by the subscript ., we have

e(R)=7.(R), h:(R)=exp[ —BU (R)+7:(R)]—-1. (5.3)

From Eq. (3.7) it follows that we now have a simple
closed (though nonlinear) convolution equation, of the
Ornstein-Zernike type, for 7.(R):

re(R)=p [ h(R=Dh(e) = ro () Jir
—p f c(R=D)ce(t)+7o(r)Jdr. (5.4)

EMMANUEL ME‘ERON

It has been shown® that this convolution approximation
represents the limit of the nodal expansion sequence?
as their order goes to infinity. Furthermore, the func-
tion 7.(R) contains all graphs in the exact ¢(R) which
can be wholly evaluated by repeated convolutions, and
only these graphs. Finally, 7.(R) includes ¢l terms in
the exact potential of average force which conform
rigorously and consistently to the Kirkwood super-
position principle,®® and only such terms.

A detailed discussion of the convolution approxima-
tion and some of its implications, as well as convolution
and prototype expansions for the free energy and equa-
tion of state is included in the succeeding paper in
this series.'®

In concluding this discussion, we would like to note
that the methods employed in this paper and preceding
ones'™ appear to be applicable to the quantum-
mechanical cluster expansions of Montroll and Ward,
Lee and VYang, and Levine?® In particular, the
“activity bond” devised by Lee and Yang?®” appears to
provide a promising starting point. It should be noted
that the Ornstein-Zernike integral equation (4.1) is
valid also for quantum-mechanical correlation functions.
However, the concept of potential of average force does
not apply in these cases.
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APPENDIX. EQUATIONS FOR MULTICOMPONENT
SYSTEMS

As we mentioned previously, our results apply also
to multicomponent systems, using the notation em-
ployed in a previous publication,® which should be
consulted for a more detailed explanation of summation
conventions, multivariable differentiation, etc.

For a system composed of s kinds of particles we
denote the set of s number densities by the boldface
letter p=p1, p2- - -p. and the set n of particles is always
composed of s subsets (sometimes empty), of #; par-
ticles of kind /. We define

9n=p1n1p2nz, . ,psna (A.l)
and
nl=n;lny!l - n,l.

(A.2)

All our coordinate-space equations (i.e., equations not
involving Fourier transforms) can now be written for
multicomponent systems simply by replacing p by g,
and # by n. In particular, we have the equivalent of
Eq. (3.4),

(i) = §1 ot | L2 c(De(12)- - -c(nj)Jd(m). (A.3)



PARTICLE CORRELATION FUNCTIONS

Here the symbol ) means that we take the sum of
perm

the different products of functions ¢(Im) resulting from

all the possible divisions of the set n of # particles of s

kinds, but without considering permutations of par-

ticles of the same kind among themselves. On the other

hand, Eq. (3.6) now becomes

(i) =7:;(R)
~% 5, f ha(R—1)[hi(1) = rij(r) Jdr.  (A.4)
=1

This equation is easily shown, by induction (using re-
peated multivariable differentiations®), to be equiva-
lent to Eq. (A.3). The considerations which led to Eq.
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(3.8) can be taken over, practically word for word, to
multicomponent systems. Thus we have

)= Sz mam, A5

n>2n!
and hence

e(4j) = e;(R) =l}§.1 P,fhiz(R— I)

X [y (r) — (1) +31;(x) Jdr+-5 (37),  (A.6)

with k(im)=exp[ —BU (lm)+e(lm)]—1. This is the
multicomponent analog of Eq. (3.7). By putting
¢(ij)=0, we obtain the convolution approximation for
multicomponent systems.
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An identity on paths in planar graphs conjectured by Feynman [H] is rigorously established. This permits
a complete analysis of the combinatorial approach to the two-dimensional Ising model with nearest neighbor
interaction and O external magnetic field previously heuristically discussed by Kac and Ward [KW] and
Potts and Ward [PW]. Relevant identities are established for the two-dimensional Ising model with next
nearest neighbor interactions and 0 external magnetic field, for the two-dimensional Ising model with nearest
neighbor interactions and positive external magnetic field, and for the three-dimensional Ising model with
nearest neighbor interactions and 0 external field. For the case of a square net with an odd number of spin
locations with nearest neighbor interactions and external field equal to /2, it is shown that the partition
function is identically zero for both plane and torus imbedding contrary to a result announced by Lee and
Yang [LY; Eq. (48)], which turns out to be correct only for an even number of spin locations.

INTRODUCTION

HE Ising [I]' model is a mathematical model
which has interpretations for (1) ferromagnetism;
(2) statistical mechanics of a lattice gas (see Yang and
Lee [YLJ and Lee and Yang [LYJ); (3) binary
substitutional alloys (see Newell and Montroll [NM },*
pp- 382-383); and (4) adsorption of gases in surfaces
(INM7], p. 354). The model has lent itself to exact
solutions for some cases, and has reflected such physical
phenomena as spontaneous magnetization (see Yang
[Y1%) and the phase transition from gas to liquid phase
[YL] [LY]. One important use of the model is that ap-
proximate methods for the study of systems of inter-
acting particles are tried out on this model and compared
with the exact solution before being applied to more
complicated systems.

The two major approaches to the problem as dis-
cussed in the review article by Newell and Montroll are
(1) the matrix, Lie algebra, and spinor approach of
Onsager, Kaufman, and van der Waerden ({NM] pp.
368-373), and (2) the combinatorial approach of van der
Waerden and Kac-Ward [KW]¢ ((NM], pp. 362-367).
The first approach has yielded the solution for =2,
nearest neighbor interaction (different for horizontal
and vertical neighbors), and zero-magnetic field.

The second approach was formulated by van der
Waerden as the problem of finding the number of
admissible (each node abuts on an even number of arcs)
graphs of length £ in the lattice graph formed by de-
composing a torus into N* congruent squares and

* This work was supported by a research project at the Institute
for Advanced Study sponsored by the Office of Naval Research,
U. S. Navy.

1[T] E. Ising, Z. Physik 31, 253-258 (1925).

(1;5[2%1‘] C. N. Yang and T. D. Lee, Phys. Rev. 87, 404-409

(1; g%)Y] T. D. Lee and C. N. Yang, Phys. Rev. 87, 410419
¢ [NM] G. F. Newell and E. W. Montroll, Revs. Modern Phys.

25, 353-389 (1953).

5 EY] C. N. Yang, Phys. Rev. 85, 808~816 (1952).

(1;521§W] M. Kac and J. C. Ward, Phys. Rev. 88, 1332-1337

heuristically solved by Kac-Ward to yield results con-
sistent with Onsager-Kaufman [OK].” A counterex-
ample® to a “topological theorem” used by Kac and
Ward is given in the sequel. Newell and Montroll
(INM], pp. 362-367) give a clear account of [KW | with
the approximate verdict of a very interesting paper but
with theories not yet proven. Potts and Ward [PW} in
the spirit of [KW] have shown that the latters de-
terminantal approach agrees with Onsager-Kaufman,
not merely up to negligible terms depending on bound-
ary effects, but exactly. Feynman, in unpublished work
which reached the author by way of Harary [H ] and
oral communication from M. Cohen, has distilled the
essence of [KW] getting rid of the enormous determi-
nantal identity, which had heuristic value for [KW],
and broke the problem neatly into (1) a conjectured
identity (stated as an unsolved problem in [H], p. 10)
between a function of weighted paths and the desired
function of admissible subgraphs, and, on the assump-
tion of an affirmative resolution of the conjecture, (2) a
system of difference equations, reminiscent of random
walks, which is solved simply to yield results consistent
with Onsager-Kaufman and Kac-Ward.

SUMMARY

In this paper Feynman’s conjectured identity between
a function of weighted paths and the desired function of
admissible subgraphs is generalized to any reasonable
planar graph and shown to be correct. A correct identity

( 7[OK] L. Onsager and B. Kaufman, Phys. Rev. 76, 1244-1252
1949).

8 M. Kac informed the author that M. Cohen had anticipated
this counterexample with one somewhat more complicated. At
this point the author would like to acknowledge several useful
conversations in which M. Cohen acquainted the author with the
“state of the art” in the combinatorial approach to the Ising
model and found the flaw in an early attempt to disprove Feyn-
man’s conjecture.

* [PW]R. B. Potts and J. C. Ward, Progr. Theoret. Phys. 13,
38-46 (1955).

0 H] F. Harary, “Feynman’s simplification of the Kac-Ward
treatment of the two-dimensional Ising problem” (planographed) a
chapter in a forthcoming book on graph theory, June 12, 1958.
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is given for-the torus imbedding using ideas suggested by
[PW. From these results the [KW7] determinantal
identity and the [PW] determinantal identity are
proved to be correct for any reasonable graph imbedded
in the plane and torus, respectively. Moreover, for the
as yet unsolved cases of next nearest neighbor interaction
for dimension two and nearest neighbor interaction for
dimension three, identities are established between a
class of functions of weighted paths and the desired
function of admissible subgraphs, this despite an un-
published result of Kac-Ward (presented with proof
here), which indicates that in dimension three no
satisfactory system of weights is possible. The difficulty
is overcome by assigning weights not to the paths in 3
space, but to their projections in a 2-space. This was
suggested by the notion of a knot diagram [A7),'¢ which
comes up in knot theory. It might be remarked that the
proof of Feynman’s conjecture yielded a novel proposi-
tion on the circular arrangement of coins. The conjecture
itself yields a curious proposition in free groups (not
presented here).

As regards step (2), Feynman’s analysis is simplified
by employing a notion which Temperly [T]* used in a
slightly different context. This avoids the consideration
of the difference equation and its resultant harmonic
analysis by directly using the geometrical interpretation
of the last part. The relation between Feynman’s ap-
proach and that of Kac-Ward is roughly the relation
between the difference equation analysis of a random
walk problem and the transition matrix approach, which
arises when the same random walk is presented as a
Markov chain. A problem sill unsolved is effectively
carrying out step (2) for the case of next nearest
neighbor interactions and the case of dimension three.

For the unsolved case of nonzero external magnetic
field, a pair of identities has been developed (only one of
which is presented here) between functions of weighted
paths and the desired function of admissible subgraphs.
In the literature the only concrete result, aside from
Yang’s result on spontaneous magnetization, on non-
zero external magnetic field has been the one stated by
Lee and Yang ([LY], p. 417) for the free energy per
spin location and the magnetization in the case of
external magnetic field equal to #7/2 in their normaliza-
tion. It is shown here that for 9, the number of spin
locations, odd and z= — 1, the grand partition function
Z(z=-—1; 9N odd) is zero and so

9ltim F(z= —l;E)‘L)=gltim 1/ logZ(z=—1; )

is meaningless. The expression given for

lim F(z=—~1; 9
Jim Fls=—1; %)

in [LY], p. 417, therefore does not apply for general 9,
but only for % even. Yang, when apprized of the diffi-
culty for 97 odd, pointed out (oral communication) that
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what this really meant was that in the spirit of the other
parts of [YL] and [LY] the order of limits has to be
watched and that the physically significant quantity is
g(0), the limiting density of roots of the grand partition
function on the unit circle. Thus the discovery that for
M odd there always is a root for s=—1 causes no
paradox, although of course the different behavior for 3
odd and even is interesting.

UNDIRECTED GRAPHS

Examples of wundirected graphs are Gy, Gs, and Gj
in Fig. 1. Formally an undirected graph G=[Py,- - -,Pa;
Ay,--+,A,.] is a 1-complex (see Lefschetz [L]," pp.
45-47) whose arcs, or 1-cells, are, for simplicity, the
broken line segments (with only a finite number of
breaks) {41,4," - -,4 4}, and whose nodes or O-cells are
the points {P,,P,,--+,P.}. In a graph there are inci-
dence relations so that in Gi, P; abuls on, or is incident
with, A3 and 4,; P, abuts on A1, 4, A3, As, and 4s; Ps
abuts on A3; Py abuts on A4; and Pjs abuts on 45 A
subgraph of an undirected graph G is a 1-subcomplex of
G, so that in particular [Py, Ps; A1,42] is a subgraph of
Gy=[P1,Ps, + - ,Ps; A1,As, +-,A5]. By an admissible
graph is meant a graph each of whose nodes abuts on an
even number of arcs of the graph. In more formal terms,
an admissible graph is a cycle ([L], p. 51) with integers
mod 2 as coefficients. Thus [ P1,Ps; 41,4:] is an admis-
sible subgraph of G, while [P1,P,,Py; A1,A42,45] is not
an admissible subgraph of Gs. The empty graph is a
subgraph of every graph and is admissible. It is con-
venient to extend the notion of the graph so that an arc
with both of its endpoints identical is permitted. Thus,

L

Fic. 1. Undirected graphs.

By Ao o
o A s M
1 A N P, Po Py
LA Y s
G,

u L] S. Lefschetz, Introduction to Topology (Princeton Uni-
versity Press, Princeton, New Jersey, 1949), p. 45.
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F16.'2. Arcs whose both
endpoints coincide.

- F16. 3. An admissible
nonnormal graph.

G

in Fig. 2, G4 and G5 are graphs. In G4, P; abuts on 4,
twice; and in G;, Py abuts on 4, twice and on 4. twice,
so that G, and G5 are admissible graphs. A graph is said
to be normal if it is admissible and each node abuts on
not more than four arcs counting multiplicity. Thus G,
and G are normal, but G: is not normal because it is not
admissible. In Fig. 3, Ge=[P1, - -,Pr; 4y1,- -, A14] is
admissible but not normal.

DIRECTED GRAPHS

Suppose one has a graph [ P1,Py, -+ ,Pn; Ay, .4 4.
Associate with each arc 4; a direction so that the arc
becomes the directed arc D; going from one abutting
node, the tail, to the second abutting node, the head.
In Fig. 4, A, and A4, of G5 have been converted to
directed arcs D, and D,, where in both cases the head
and tail degenerate into a single node P;. If the original
arc 4, is also associated to the reverse direction,
one gets the directed arc D; L. If traversal of each
of the original arcs in either direction is permitted,
then one gets the directed graph [P1,Ps,---,Py;
Dy, -+, Dg,Di7Y,- - - ,D71]. Henceforth, when a graph
and its directed graph are mentioned without comment,
the directed graph in the last sentence is meant. How-
ever, if certain arcs correspond to “one-way streets”
then the appropriate directed graph has less-than 2a
directed arcs after the semicolon.

By a closed path or closed directed line sequence (cdls)
is meant a finite, nonempty sequence Di*1Dig2- - - Di, e
of directed arcs (u:==1, 1<i<s) such that (1) the
sequence is considered relative to circular order, so that

Dil“‘Dig“" . -Dis“s=Di2“2Di3“3- . 'Dis“”Dil“‘,

(2) no two succeeding elements of the sequence are
DD or Di'D,, 1<i<a, and (3) the head of one
element of the sequence is identical with the tail of its
successor. Since all later paths will be closed, the
adjective will be omitted. In Fig. 4, Dy, D;, DiDs,
D\D;Y, DY, DY, and DyD,= D2 are examples of cdls.

SHERMAN

In the same Fig. 4, D.D, and D,D, represent the same
cdls; while D,\D.D; ! is not acceptable as a cdls. By a
nonperiodic cdls is meant one not of the form
(Diy#- - - Di#s)" for any r>2.

Henceforth, all the graphs in this paper will be con-
sidered imbedded in the plane unless specific mention is
made otherwise.

WEIGHTED PATHS (CDLS)

As one traverses a cdls in a path parametrized ac-
cording to arc length, the angle of the tangent vector
should be considered. A question arises when one moves
from one line segment to the next as regards the ap-
propriate integral multiple of 27 to use. The rule to be
adopted is: choose the integral multiple of 2x so that the
difference between the angles of succeeding tangent
vectors is in absolute value less than 7. This can be made
rigorous by using covering spaces (see Griffin [G],12
[T, pp. 270-271).

As one traverses a cdls p, the tangent vector goes
through an integral number of revolutions n(p). Let
W(p)=—(—1)m®, If p=Di#Dip2---Dire and p~!
= Di;#Di,_y#=1- - - Diy~#, then W (p)=W (p~?), since
n(p)=—n(p~"). With each D, and D; ! let us associate
indeterminate d;, where the indeterminates commute
under multiplication. Thus there are just ¢ indetermi-
nates dy, ds, * * +, dg, not 2g indeterminates. With each
cdls p=Di#1- - - Dig#s (uj==1;1<7<s), let us associ-
ate W(p)= ;W (p)dir- - -di,. This is plus or minus a
monomial. With each nonperiodic cdls p let us associate
its inverse p~! in the same equivalence class [p] and
choose one of the two (it does not matter which) as the
representative of the equivalence class. Let I(p)
=afl(p~) =asdirdiz: - -diy=3s1[p]. Then W[p]=a,W(p)
=W (p~?) and W[p]= oW ($)I(p). As an illustration of
the foregoing ideas consider Fig. 4 and Table 1. The fact
that W[ DD ]4+W[D,D;~1]=0 will be referred to as
figure eight cancellation. ’

COUNTEREXAMPLE

Kac and Ward ([KW], p. 1336) state a ““topological
theorem” which is related to Feynman’s conjecture.

3

B,

Fic. 4. Directed graph
(reverse directions also per-
mitted).

TaBLE 1. Weighted paths from Fig. 4.

p n@) We)=We)=W[r] Wirl=w(e)=Ww (")

DD, 1 1 dids
DD, 0 -1 —dyd,

I;SEG] J. S. Griffin, Jr., Compositio Mathematica 13, 270-276
18 [T]H. N. V. Temperley, Phys. Rev. 103, 1-16 (1956).
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This “theorem” ([NM], p. 366) asserts that for a
planar, connected, admissible graph G other than a
simple closed polygon, the sum of the W(p) for all
unicursal paths p traversing all of G is zero, where a
unicursal path traverses each undirected arc only once.

As Kac and Ward point out for G; with directed graph
of Fig. 4, the paths may be classified as in Fig. 5 and the
corresponding reverse paths. It is obvious from Table I
that the sum of W(p) is zero. The “theorem” is false in
general as can be seen from the graph, Gy of Fig. 6.

Consider three types of behavior at node P, as
illustrated in Fig. 7. The W (p) for the three cases may
be tabulated as shown in Table IT.

Note that for paths I and IT the W (p) cancel in pairs
so that both the sum of W (p) for unicursal paths under
I and II are zero. The sum of W(p) for the unicursal
paths under III is minus four, which gives a contra-
diction to the “theorem.” The correct state of affairs is
given by Theorem 1, which is presented in the next
paragraph.

FEYNMAN’S CONJECTURE

Let I*(14+W[p]) be the formal infinite product taken
over all equivalence classes [ ] of nonperiodic cdls. If G,
is a subgraph [Piy,Pis,---,Pis; AinAis,- - -,A4ia] of
graph G, then x(Go)= a/I1;d;#i, where u;=1 for 4 ;G
and u;=0 for 4 ;eGo. Define Goad G to mean G, is an
admissible subgraph of G. Let 3 a0 ad ¢ x(Go) be the
formal sum of x(Gy) taken over all admissible subgraphs
G, of G, including the empty subgraph,

Fic. 5. Two directed graphs
associated with Gs.

v; D,

TaBLE I1. Weights for unicursal paths traversing all of G-.

? W () =W (p)
DyDs73D( Dy +1
1 D2D4_lD301_1 -1
D\D{DiDy™t 1
D\D;1DyD; 2 —1 0
DoD DDy -1
11 DDy Dy D5t 1
DsDy DD -1 .
D;DDy\Dy 7} 1 0
Dz‘Df—ll)zD.g_1 -1
111 DD DD -1
\DyD3*D1\Dyt -1
DD\ DDy 1 -1 —4
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F16. 6. Counterexample
to Kac-Ward.

F16. 7. Classification of
unicursal paths on G

Theorem 1. If G is a normallgraplz, then
1+ W (p) J=2 60 2d ¢ x(Go). (1

Before launching into the proof of Theorem 1, which
is Feynman’s conjecture, it should be remarked that for
G:in Fig. 1, if one sets d;=de=d3= - - - =d,=z=tanhK,
then the right-hand side of (1) is the generating function
> n(r)zr ((NM], p. 358, Eq. [2.23]) sought in the Ising
model (equal horizontal and vertical interactions),
where #(r) is the number of admissible subgraphs com-
posed of 7 arcs. This will be developed much further in
the second half of the paper, but one point in this direc-
tion will be made now. The information given in the
right-hand side is much finer than needed in the Ising
model, where all arcs are lumped together as corre-
sponding to equal interaction energy (the indetermi-
nates are set equal to one another) or horizontal arcs are
lumped together as corresponding to one interaction
energy (“horizontal” indeterminates are set equal to one
another) and vertical arcs are lumped together as
corresponding to another interaction energy (“vertical”
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indeterminates are set equal to one another). As far as
the combinatorial end of the problem is concerned,
Theorem 1 even handles the case where every nearest
neighbor pair of spin locations gives rise to a different
size interaction energy.

In order to give the reader an intuitive feeling for the
situation being analyzed, some examples are presented.
First consider G4 in Fig. 2 with D; being 4, with a
clockwise direction. Here there is just a single non-
periodic cdls equivalence class, namely [D,]. Thus

H*(l-f-W[?:D: 1+W[D1]= 1+d1=ZG0 ad G’4X(Go).

The formal infinite product reduces to a single factor
1+4d;. The only admissible subgraphs reduce to the
empty subgraph and the full graph giving rise to the
terms 1 and d,, respectively. Thus Eq. (1), which is
Feynman’s conjecture, is trivially verified in this case.

The next simplest case is the nontrivial case of G5 in
Fig. 2. Here, all the essential difficulty in establishing
Feynman’s conjecture is already present, so the pre-
liminary discussion will not verify the conjecture for
that case. This will be left for the proof, but some of the
[#] will be considered in order to show that the first few
terms in the infinite sum expansion behave properly,
and that there is actually an infinite number of factors.
Suppose D; is 4; (i=1, 2) taken in the clockwise direc-
tion. Then the results are best presented in tabular form
as in Table IIL. I*(14+-W[p]) = (14-d1) (14-do)(1-+-dds)
X (1—dids) (1—d1?ds) (14-d12ds) (1 —do%dr) (14-do%dy) - - -
= (1+d1+d2+dld2)(1-dlzdzz)(l_d14d22) (1—*d24d12) Tty
which as far as terms of the third order are concerned is
1+d+dz+dids. What the proof shows is that as more
factors are introduced, the terms 1+4d;+dy+4-dids
=3 6o ad ¢ X (Go) remain while higher degree terms are
introduced, ultimately canceling out. In this case one
actually gets an infinite number of factors since
{[D.],[D:D;],[D:2D:],- - -} constitutes an infinite col-
lection of different nonperiodic cdls equivalence classes.

Proof of Theorem 1. It is immediate that when the
left-hand side of (1) is expanded as a formal infinite
sum, if G; is not an admissible subgraph of G, then the
coefficient x(G,) is zero. For the admissible subgraphs a
different situation prevails. ,

First consider the left-hand side of (1) expanded as a
sum, Consider certain nodes of order 4, i.e.; occurring as
head or tail four times, as crossover nodes, e.g., in

TaBLE I1II Factors in II*(1+W[p]).

[#] 1+Wwip]
EDI} 1+dy
D, 14-d;
CD1D2] 14-d\d,
[D]Dz—l] 1 -—dldz
{D1*D:] 1—did;
[D]’D:’l] 1+di?d,
FD‘z’Dl] 1—-dsd
_Dg’Dl_lj 1 +dz’d1
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F16. 8. A crossover node.

Fig. 8, consider only such cdls where Diy and Di; only
occur in order DiyDis or Dig—'Diy~), while Di, and Diy
only occur in the order DiyDiy or Dig 'Dig~t.

Lemma 1. Let Go be an admissible subgraph of normal
G and *I(I+W[p)) be the product taken over the
nonperiodic cdls equivalence classes, where at n.(Go) nodes
of Go a crossover condition is imposed so that all the arcs in
the crossover condition are in Go. Under the circumstance
described it is said that Go adcc G. When the infinite
product is expanded as a sum of monomials in the indeler-
minates the coefficient of x(Go) is (— I) (G0,

Proof. Proceed by induction on the number of nodes
in Go. Suppose there is just one node in Go. There are two
possibilities. Either #.(Go)=0 or #n.(Go)=1. Suppose
n(Go)=0. Then either G, is like G5 in Fig. 2, or Go
is like G, in Fig. 2. In the first case, by Table III,

MA+WpD)=1*(1+W[pl) = (1+dy) (1+dy)
X (14d:dy) 1= dido){I*(A+W[p D)},

where I*(1+W[p]) has only factors of the form
1+4-third or higher order terms in d, and thus
*T(A+W[p])=1+d1+d>+did>+higher order terms.
Therefore, the coefficient of d1da is (— 1) (60 = (—1)°=1
and the lemma is verified for this case. In the second
case, G4 applies and

ST+ Wp) =T*1+W[p]) = 1+4d..

The coefficient of x(Go)=d, is 1 and the lemma is
verified for this case. Suppose #.(Go)=1. Now G;
applies. Then under the same conditions as before

*T(A+Wp)) = 1—did) IT*(A+W[p])

with the same condition on II*(14+W[p7). The coefhi-
cient of dids is now (—1)=(—1)!=(—1)7(G 5o that
the lemma, is verified for this case.

Suppose the proposition is correct for #» nodes in
Go(n>0). It is desired to prove it correct for (n+1)
nodes. Let 2=n+1—#.(Go) be the number of free nodes
in Go. Then 0<2<#n+1. If k=0, then all the nodes in G,
are crossover nodes. The graph with the crossover condi-
tions admits a unique decomposition {1 ],[ pe ], - - ,[£; 1}
into path equivalence classes such that I(p1)1(p2) - - - I(p;)
=x(Gy). If the decomposition breaks down to one path
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equivalence class, then by (see Whitney [W]," pp.
281-282) (—1)"C0=W[p]. Thus *OD(1+W[p])=1
+ (~1)"(Gdx (Go), and the lemma follows for this case.
If there is more than one path, then by [G] every pair
of path equivalence classes in the unique decomposition
determines an even number of crossover nodes. Thus
when *I(1+W[p]) is expanded as a sum, the coeffi-
cient of x(Go) is (—1)me(60),

Institute a proof by induction on k. Suppose £>1 and
that the proposition is correct for the number - of
free nodes less than k. Let P be a free node of G.
Partition the paths of Go through P into three classes
schematically described by Fig. 9. Let I(II III)
=45 II (14+WTIp)), where the product is taken

[pJeii iii)
over the nonperiodic cdls equivalence classes, which at
P show bebavior (i ii iii)
IV=4 7 H

[ple(iUiiViii)’

1+wlpd),

where the product is taken over nonperiodic cdls equiva-
lence classes which do not go through P. Thus

mM*A4+wp =111 111 1v.

Suppose [ pJel and [g]elI. Then the product W[ p1W([g¢]
has some indeterminate with multiplicity greater than
one and can make no contribution to the coefficient of
x(Go). Similar examination of IIIII and I IT indicates
that when II*(1+W[p]) is expanded as a sum the
coefficient of x(Go) is the sum of the corresponding
coefficients in I IV; IT IV; and III IV.

The contributions to I IV can be regarded as those
coming from a graph with one fewer node and with
appropriate pairs of arcs incident on that node coalescing,
e.g., consider the transition from Gy in Fig. 6 to Fig. 7.
I Analogous remarks are appropriate to II IV; e.g.,
consider the transition from Fig. 6 to Fig. 7. I By the
inductive hypothesis on #, the contributions from I, TV
and IT IV add to 2(— 1) #<(6®_ Consider G, as G, with P
converted from a free node to a crossover node. Then
k—1=n+1-n.(Go)—1 and by the hypothesis of the

_

‘___
18 L—
—“l P

w

Fic. 9. Possible behavior
of path at P.

4 [W] H. Whitney, Compositio Mathematica 4, 276 (1937).
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induction on % the contribution of III IV to the coeffi-
cient of x(Go) is {—1)»(Go+1 The total coefficient is
therefore 2(—1)#e(0 4 (— 1) H+nc(G0 = (— 1) 7e(G0)_ a5 wag
to be proved. This establishes the lemma.

It must now be shown that when the left-hand side of
Eq. (1) is expanded as a formal infinite sum, the re-
maining coefficients, i.e., the coefficients corresponding
to products of indeterminates, where at least one of the
exponents is greater than one, are all zero. Thus it must
be shown that in the formal infinite sum the coefficient
of
dlmd2m. . .dauazg

is zero if one of the exponents, say uy, is greater than one.

By a path factorization [pf; 6] of 6 is meant a collec-
tion {{p11,[p2],- - -,[pr]} of different nonperiodic cdls
equivalence classes such that I[py JI[p2]- - - I[ px]=06. It
is desired to establish

X tora1(Wlpil - - Wps))=0.

It suffices to establish this result for path factorizations,
where I[p1]), I[p2], ---, I[px] all have the com-
mon factor d,. Call such a factorization [pf;6; di].
Let {{p11,[p2],- - -,[#x]} be such a path factorization
of type [pf;8;di]. Let [p;] be represented as
[Dwj1Diaje: + - Diajn;], where (1) D; does not occur
as a term in aj, -+, ajn;, and (2) D' may occur
as a term in aji, aj, - -, ajn; Consider B={Da;,:
1< <k, 1<r<n;} as the set of building blocks of a
[#f;8;d1]). Suppose B consists of m, equal blocks of a
first type, ms equal blocks of a second different type, - - -,
and m, equal blocks of the nth different type, where
mitmat- - ma=mn1+ns+---n,=N. Say then that
B={by,bs, - -,bn}. Let [pf;d;d1; B] represent the
general path factorization of é using building blocks in
B. Note that the building blocks are nonperiodic cdls.

An example of the preceding is §=d?d; for G= G5 with
the directions as shown in Fig. 4. The only path
factorizations of é are {[D1\D, ,[ D11}, {{D:D:"1,[ D]},
{{DD ]} and {[Di?D,']}. Note that {[D:],[D:],[D ]}
isnot a path factorization for §and that {{ DD, 1,[ D, ]}
is the same path factorization as {{D.D;~*],[D1]}. For
([DD:)[D.]), B={D:DoD:). For {(DeDiJ},
B={D,D;~.,D:}.

It is desired to prove

2 tf; 8300 (WLp1JWpe]- - -)=0. )

Case 1. Suppose the B associated with [pf;6; dy]
consists of just one block [p;]=[Dia, where a does not
have D; as an element. Since 6 has d,? as a factor,

Dya= DlalDflaz,

where «; has neither D, nor D! as an element, and
where a; may have D;~! as an element but has no D, as
an element. Then [$5]=[D1a;"'D;*az] is a nonperiodic
cdls equivalence class not equal to [p1]=[Dia] and
W[p:1l=—W[p:]. The contribution to the left-hand
side of (2) under case 1 is 0.
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Case 2. Suppose B consists of more than one block. In
this case one wishes to show that

> (W[pd---)=0. (3)

[of; 8; d1; B)

Note that if [p1 ][ #; 8; d1; Bland [ps1e[#f;6; d1; B]
and p1ps is a nonperiodic cdls, then

Wlpip:l=—WpIWLp:]. 4

This relation is readily extended to an arbitrary number
of factors to give if [pjle{#f;8; d1; B], 1<j<m and
I1,-1™ p; is a nonperiodic cdls, making

WL I p:1= (— ) T Wps. )

=1 =l

Associate with each b;, 1<:< N, an indeterminate 8..
Suppose the indeterminates commute under multiplica-
tion. Let & represent a nonperiodic sequence of the 4.’
taken in its circular rather than its linear order. Note:
An arbitrary number of any of the &; may occur in any
of these sequences. For example, in the case #1=2, 7,=3
one may have b=>5,5::02b28:0.. Let 8 be the product of
indeterminates corresponding to b. By applying the ex-
tension of (4), (3) follows for case (2) if it can be shown
that

Lemma 2.

**(1—g)=1=p1—B2— " —Bn, ©)

where the product is taken over all different nonperiodic
sequences b of b;eB as in the foregoing (this is what the
first asterisk is intended to denote) and the & are to be
taken with respect to circular order (this is what the
second asterisk is intended to denote).

Proof. Let ¢(B1,- * *,8x; ) =II**(1—p¢). Then

n a n 6
Z.Bi‘_ ln¢(ﬂb' i 7671; t): Z ﬂzg Z** ln(l_ﬁt)

=1 Jf; i=1

13 wﬁﬁ
== o B ), (D)

where the double asterisk denotes as before an operation,
now sum, over all different nonperiodic &, each taken
with respect to circular order, and op is the sum of the
exponents of all the 8; in 3. When #=1, the extreme
right-hand term in the foregoing is

- iﬁi/l— Zn:ﬂi-

i=] =1

Thus

n 3
gﬁf——' 1n¢(181:62?' o ,,3,,; t)

a
=2 Bi—In(1=B1—B2— - —Bx).

=1 :
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Since the effect of 3_ 8:(8/98:) on a monomial 8;#1- - - §,#»
is to send B1#1- - - Bk into (uytpat- - - +un)Bi#- - -Batn
and Ing(0,- - -,0;1)=In1=0, it follows that Ing(By,* * * ,B»;
1)=In(1—B1— -+ —B,) for By, Bs, *--, Bx sufficiently
small. So the lemma is proved and so is the theorem.

COROLLARY ON COIN ARRANGEMENTS

Lemma 2 has a curious corollary in terms of unordered
arrangements of coins into circularly ordered sets as
follows : Suppose one has a fixed collection of NV objects
of which m;, are of one kind, m. are of a second kind,
- -+, my are of the nth kind, e.g., N (=10) coins of which
m1(=3) are pennies, my(=4) are nickels, and m;(=3)
are quarters. By a p.o.k. of the IV objects one means an
exhaustive unordered arrangement of them into %
disjoint, nonempty, circularly ordered sets such that
(a) no two circular orders are the same and (b) none are
periodic. To continue with the example, arrange the
10 coins into k(=3) piles. It does not matter which
is the first pile and which is the second pile, etc. No
two piles represent the same circular order, e.g.,
{(p:”);(nrp)’(P;n’nﬂ’%Q)} won’t do since (?,ﬂ) and
(n,p) represent the same circular order. One cannot have
(p,n,p,m) since this is periodic. Let 7+ be the number of
p.o.k. of the IV objects.

Corollary. For N>1, mi—metms—- - -+ (—1)¥ry
=0,

Example. Let the collection of N(=4) objects be
{p,p,n,m} so that my=my=2

m=1, e.g., (p,p,n,n)

m=2, e.g., {(9),(p.n,m) }{ (n),(n.,p,p)}
m=1, e.g., {(P))(n):(P7n)}
m—metmrz3=1—-2+4+1=0.

Proof. In Lemma 2 express the left-hand side as a
formal infinite sum collecting terms of homogeneous
joint degree, i.e., terms where sums of the exponents of
the @3;; are the same. When these collected terms are
compared with the corresponding collected terms on the
right-hand side, the corollary follows.

The corollary was actually proved before the lemma.
A conversation with E. Grosswald was helpful in proving
the corollary. An alternative proof has been devised by
A. Selberg.

EXTENSIONS OF EARLIER REMARKS

(1) Informulating the notion of an undirected graph,
the requirement of piecewise linearity could have been
relaxed to substituting for each of the closures of line
segments the range of a smooth homeomorphism, i.e., a
function which is a homeomorphism on a closed interval
into the plane and which has a continuous nonvanishing
derivative throughout the interval. In order for the rest
of the definitions to make sense and for the theorem to
be true, at no junction (and this may be a node) be-
tween successive smooth curves should the tangent
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vectors be along the same line but oppositely oriented,
i.e., no cusps.

(2) In order to relax the requirement of normality in
Theorem 1 it is enough to relax the normality require-
ment in Lemma 1. To do this one must extend [W], pp.
281-282, and also the argument on p. 206 to the non-
normal case. The argument of [W], pp. 281-282, goes
through if at each multiple crossover node one looks at
the crossovers in pairs and counts each pair in the
calculation of N* and N— of [W], pp. 281-282. First
examine a node P of order 6 (see Fig. 10).

In considering the contributions to the term in the
lemma, classify paths as to which of the other five is
immediately contiguous to . This classification breaks
down into

(a) ® @ (d) © ®
(b) ON©) (e) ® 6,
(@ ® ®

which corresponds to the earlier classification into I, IT,
and ITI. Take paths in classification (a); then @ @ can
be pulled off the node P as in Fig. 11 without affecting
the W (p) of the path or its contribution to the critical

[0) O]
F16. 10. Node of order 6. ® ®
® ®

term. By the induction hypothesis the contribution to
the coefficient of the critical term from such paths is
(— 1) Consider paths in classification (b). Then @ (®
can be pulled off P as shown in Fig. 12, introducing one
crossover node which by the hypothesis of the induction
makes a contribution to the critical coefficient of (— 1)L
By continuing in this manner one sees that the contribu-
tion to the critical coefficient is (—1)°+ (—1)'4-(—1)?
+(—1)*4(—1)*=1. In the general case where the free
node is of “order 2»”’ and # is odd, the corresponding
sum 2(— 1)%4-2(1)*+ - - - +2(— 1) 24-(—1)»1=1. When
n is even one gets 2(—1)04-2(—1)1+4---42(—=1)"2
+(—1)m1=2—1=1. Thus the induction proof goes
through and the normality hypothesis may be removed
from the theorem and the lemma.

(3) In the original Feynman conjecture as formu-
lated in [H], the graphs under consideration are lattice
graphs and the counting of the graphs is less detailed.
By lattice graphs are meant graphs whose arcs are
vertical or horizontal line segments joining all pairs of
vertical or horizontal nearest neighbors in a finite,
rectangular lattice. If, in the case of lattice graph im-
bedded in the plane, one sets all indeterminates equal
to one another, then the theorem proved provides an
affirmative resolution of Feynman’s conjecture. If the
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® ®
F16. 11. One category of paths
at node of order 6. ® ®
©)] ®

path imbedded in the torus has no turns, its carrier is an
admissible graph not satisfying Feynman’s conjecture.

FIRST CROSSOVER THEOREM

The following strengthening of Theorem 1 features
the condition (here restated) of Lemma 1 and is useful in
the analysis of the Ising model for dimension two with
next nearest neighbor interaction ((NM], pp. 354, 374~
375) and for dimension three.

Theorem 2. Let G be a normal graph. Let *II(I+W[p))
be the formal infinite product over all different, nonperjodic,
cdls equivalence classes, where at k nodes Py, P, -+ -, Py
a crossover condition is imposed, i.e., if the cdls goes
through of any the P;, 1<i<k, then the cdls satisfies the
crossover condition at P;. Suppose Go adcc G so that Gy is
consistent with the crossover conditions in the sense that if
the crossover condition joins two arcs and one of them is in
Go, then the other is in Go. When the infinite product is ex-
panded as a sum of monomials, the coefficient of x(Go) is
(= 1)nC0 where n.(Go) is the number of crossover nodes
in Go such that all the arcs in the crossover condition are in
Go. All the other monomials in the formal infinite sum
expansion have coefficient zero.

To summarize

MA+Wp)= X2

Ggadce G

Proof. The coefficient x(Go) for Go adcc G has been
determined by Lemma 1. The proof that the remaining
coefficients are zero follows exactly as in Theorem 1.

(— D)o (Go).

TORUS IMBEDDING

Theorems 1 and 2 give combinatorial identities for
graphs imbedded in the plane. In Feynman’s approach,
the identity used is correct for imbedding in the plane,
but another stage of his calculation ((H], p. 8, Eq. 11)
used imbedding in the torus. Essentially, the correct
formula for this case is given in [PW]. What is presented
here is a rigorous proof of a generalization of that
formula. The extent of the generalization is exactly the
same as the extent that Theorem 2 is a generalization of
Feynman’s conjecture (insofar as it is not limited to

@ ®
Fi1c. 12. Another category of ® ®
paths at node of order 6.
10 ®
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lattice graphs, does not lump all bonds together, and
does handle crossover conditions), and the original Kac-
Ward identity (for the foregoing reasons and insofar as
an infinite number of coefficients, regarding which the
Kac-Ward formula says nothing, are shown to be zero).

Consider now an undirected normal graph G on the
torus. Take a representation of the torus as a rectangle
with edges. identified properly. It is required that no
node of G be on an edge of the rectangle, that the only
points that G have in common with any edge are
crossing points, and that G have no points in common
with the corners of the rectangle. Let H(G)=number of
horizontal edge crossings in G; V(G) =number of verti-
cal edge crossings in G. Note that one horizontal
(vertical) edge crossing crosses both identified horizontal
(vertical) edges. Let H(p) and V (p) be the correspond-
ing quantities counted with multiplicity for cdls p in G
and let

Wi(@p)=(=D)*PW(p) (8)
W, (p)=(—D)VPW(p) ©
Wio(p)= (=DHEPHV@W (p). (10)

Theorem 3. Let Go be an admissible subgraph of o
normal G imbedded in a torus, and consider

f=30TA+WiLp) +* T+ W.[p)
+HA+Wa[p)—*TA+WpD], (1)

where the products are taken over the nonperiodic equiva-
lence classes cdls such that at n.(Gyo) nodes of Gy a crossover
condition is imposed with all the arcs of the crossover condi-
tion in Go. When the infinite product is expanded as a sum
of monomials in the indeterminaies the coefficient of x (Go)
is (— 1) ALl the other monomials in the sum have sero
coefficients.
Thus

J= X (=1 (Gy). (12)

Gopadec G

Suppose G’ is a normal graph in the plane formed by
appending to G in the complement of the rectangle
H(G)+V(G) piecewise linear arcs with no self-inter-
sections, each arc. joining a pair of identified points.
Consider these new arcs amalgamated with the original
arcs, points of which they join. Introduce a node for
each intersection of arcs outside the rectangle and re-
quire such a node to be a crossover node: To each cdls p
of G corresponds a unique cdls ¢’ of G’, where

W' ]= (= DFO@OWp]=Wa[p].

G’ is an admissible subgraph of G’ formed by appending
H(Go)+V(Go) of the previous piecewise linear, non-
self-intersecting arcs to Go, and amalgamating these
arcs with the appropriate arcs of Go. As a conséquence
of the Jordan Curve Theorem, the number of crossover
conditions in Go' with both sides in Gy is 7.(Ge)

SHERMAN

+H (Go)V (Go) mod 2. Thus
M(1+Wa.[p))=*T(1+W[p"])

= . Z G(_ 1)nc(Go)+H(Go)V(Go)x(GO)’
0 adce
*H(1+WhEPJ) = Z (_ l)nc(G0)+H(G0) V(GD).;_V(GO,)X(GO).
Ggadee G

The coefficient of x(Go) in f is
1(—1)nelGO+HGO V(G0 { (— 1)H(Go)
' + (—1)VG0 — (—1)HG+V(G0 1},

which for all integral values of H(Go) and V(Gy) is equal
to (—1)(@d, The other terms in the expansion are
equal to zero.

STATUS OF KAC-WARD

Now that Feynman’s conjecture relating weighted
paths and graphs has been established for the case of
plane imbedding and torus imbedding it is in order to
look into its precursor, the [KW] determinantal ap-
proach. In [KW] it is shown that their determinant
gives approximately the right answer for the case of a
lattice graph in the torus imbedding. [PW] has given a
modification (linear combination of square roots of
determinants) which gives exactly the same result as
does the algebraic approach of Onsager-Kaufman. What
is developed here is a general theorem applying to all
graphs (not only lattice graphs) whose validity does not
rest on the formulas of Onsager-Kaufman.

For simplicity, consider the case of a plane imbedded
graph. For that case Theorem 1 asserts

m(A+wirh= % x(Go),

Goad G

(13)

where the product is taken over different cdls equiva-
lence classes. From this it follows that

H*(1+W(P))=[G2dgx(Go)]2, (14)

where the formal infinite product is taken over all
different nonperiodic cdls. From (13) it follows that in
the expansion of the left-hand side of (14) monomials &
with at least one exponent u;>2 have coefficient zero.
The Kac-Ward determinant ((KW, pp. 1333-1334) is
the sum of all products W(p) for different nonperiodic
#, where no two p in a product have the same directed
arc in common. If now it can be shown that the sum of
all products 6 of W(p) (where p is nonperiodic, the
maximum g; of 8 is equal to two, and at least two (p)
have the same directed arc in common), is zero, then it
follows that for planar graphs G the Kac-Ward determi-

nant is equal to
L X x(G)P
Goad G

as claimed. Similar to the situation in the latter half of
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the proof of Theorem 1, this reduces to showing that for
all path factorizations, into paths now instead of path
equivalence classes, with just two appearances of the
same directed arc, the sum of the products of W (p) is
zero. That this sum is-zero follows from the fact that
if ai#a; and Dyoy, Dies, DwarDias are cdls, then
W (D)W (Dyas)+W (DiarDiay) =0, which is Eq. (4).

If one now expresses the four individual summands of
Theorem 3 as square roots of appropriate determinants
one justifies the first result in [PW]. The determinantal
method which is the major breakthrough in the combina-
torial approach has now been justified ((KW7, p. 1332;
[NMJ], p. 366). The Feynman conjecture in a certain
sense is a deeper proposition than the Kac-Ward
identity since it gives the additional information that all
higher order terms are zero, although an argument, the
one just given, is needed to go from it to the Kac-Ward
identity. The Kac-Ward approach has a certain ad-
vantage, although in a sense it says less, since it says
just enough and that by way of a finite formula rather
than by way of a formal sum.

EVALUATION OF PATH FUNCTIONS

Now that Feynman’s conjecture has been established
for the plane imbedded and torus imbedded cases and
the Kac-Ward identity has been established for both
cases and some of the relations between them have been
clarified, it remains to be seen how these two methods
yield the partition function of the Ising problem for the
case of a rectangular lattice with different horizontal
and vertical interaction constants, the case settled by
Onsager and Kaufman. Since the Feynman method has
been presented only for the case of both interaction con-
stants the same, in a document [H] not widely circu-
lated, with several approximations made unwittingly
(Theorems 1 and 3 were not available when [H] was
written), and with the relation to the Kac-Ward method
not fully appreciated, it will be presented here in detail,
largely following [H], together with a considerable
simplification which bypasses the routine harmonic
analysis of the difference equation. The simplification
stems from an idea used in a different context by
Temperley [T].1® Since the Kac-Ward method is avail-
able in widely circulated form [KW7], only its connec-
tion with the Feynman method will be discussed here.

According to [NM], pp. 358-359, finding the desired
partition function leads either via the low-temperature
expansion or the high-temperature expansion to finding

Z X(GO),

Goad G

where (1) G is a rectangular graph imbedded in a torus
(so that the top and bottom boundaries are identified as
well as the extreme left and right boundaries) rather
than in a plane for simplicity at the later stages of the
calculation, (2) the indeterminates corresponding to
horizontal arcs are all:set equal to x, and (3) the inde-
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F16. 13. Notation for direction 2 )
of steps.
4

terminates corresponding to vertical arcs are all set
equal to y. For this choice of G, if p has k.arcs — W (p)
= (—1)"® is the product of % factors (weights), each of
which is acquired in going from one arc in p to the next,
following the circular order. There are three alternatives:
(1) going straight ahead in which case the factor is one,
(2) making a left turn in which case the factor is
a=exp[i(r/4)], and (3) making a right turn in which
case the factor is & What one is doing here is regarding
(—1)*® as equal to exp[(i/2).f, curvature ds], ex-
pressing the latter in Stieltjes form and allowing for
discrete changes in the tangent angle. The effect of
introducing weights is that in traversing part of a path
p, by multiplying the appropriate weights one can
measure the contribution one has made toward —W (p).
Feynman’s method—as does the Kac-Ward method—
capitalizes on these weights. One of the unsuccessful
approaches to the three-dimensional problem has been
to search for corresponding weights, and a corresponding
W (p) for paths on lattice graphs in three dimensions.

Let (mm), 0<m<M—1, 0<n<N—1, be the Car-
tesian coordinates of point of the lattice in the torus.
Naturally, there will be no confusion between the use
of » for the second coordinate and the earlier use of #
for number of nodes. Because of the torus imbedding,
when a term is added to the first component it will be
modulo M, and when a term is added to the second
component it will be modulo N. As a directed path
moves along the torus it may go right, (m,z) to (m—+1,n);
left, (m,n) to (m—1, n) ;up, (m,mn) to (m,n+1);or down,
(m,n) to (m, n—1), which directions are indicated in
Fig. 13 by 1, 2, 3, or 4.

Let n@jk(m)nyr’s)y IS]S4; ISkS‘L —oIm< oo,
— oo <n<w, 0<r, 0<s, be the sum of the weights of
all directed paths starting from the origin in direction j,
making r horizontal steps and s vertical steps, thus
reaching (m,n), and ultimately leaving (m,z) in direc-
tion k. Note that r4s>m-n. Thus the directed path
in Fig. 14 contributes & to 83(0,1,0,1) and makes no
contribution to B3(0,1,0,1), to B:3(0,1,0,1), or to
834(0,1,0,1). The same directed path contributes & to
B31(2,0,2,2), while it makes no contribution to 33x(2,0,2,2),
to B833(2,0,2,2), or to B34(2,0,2,2). The contribution it
makes to 835(3,0,3,2) is 1. It makes no contribution to

Bjk(m,ﬂ,f,s) when ]'#3
(o.l})__’__(z_‘_)v b (R

I16. 14. A directed
(nonclosed) path.
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Let
ﬁ.‘ik (m,n)OJO) = dfajkamoan[)-

Thus

ﬂj‘k (070’070) = dfaik'

Let :

4
S(?’,S) =ds Z Bﬁ(O;O?rrs);

=1

which is the sum of the weights of all closed paths -

starting from the origin and returning to the origin
after » horizontal and s vertical steps.

The step leading to any point (m,x) can come from
any of the four points (m—1, n), (m+1, n), (m, n—1),
or (m, n+1). In order to establish recurrence relations
for B;x(m,n,r,s), it is convenient to let

Bn=Bi(m—1,n,r—1,s),
Bi=Biz(m+1,n,7—1,5),
Bis=Bij(m,n—1,r,s—1),
Bia=Bji(m, n+1,r,s—1),
Bi(mmr,5)= (Bjr(m,n,r,5),Biz(mymr,s),- ).
Thus, for 0<m<M—1, 0<n<N-1,
Bir(mn,r,s)=B;1+0+8;:3+8;,
Biz(m,nyr,s) =0+B2+B e +B4&,
Bis(m,n,r,s)=Bna+Ba+853+0,
Bis(mn,r,s)=B;a+Bj0+0+8j4

(15)

Let
M—1 N-1
(abe)——— 2 2 Bi(mnyr,s)
M m—-o n=0
[ ) am+bn)]
Xexp| —2mi{ —+— ) |;
P M N
then
M—1N~-1 am bn
gi(m7n,’)3)= Z Z Bj(d,b,f,S) exp[27” ——+‘- ]
a=0 b=0

Let B(a,bs,s) be the 4X4 matrix whose jth row is
B;(a,b,,s), and let B(m,n,,s) be the analogous 4X4
matrix. Introduce the generating functions

B(ab;xy)= 2 B(abrs)xTy",

r>0,5>0

Z B (m,n,r,s)xrys'

r>0,5>0

B(mm; x,y)=

This could be avoided in [H], which considers only
equal horizontal and vertical interactions. By a standard
calculation (e.g., see Feller' [ F ]}, Chap. XIV), utilizing
the difference equations with initial conditions it follows
that

B(d,b; x»)’) = (I_m)—l= Z mi’
7=0

15F] W. Feller, An introduciion to Probability Theory and its
Applications (John Wiley & Sons, Inc., New York, 1957), 2nd ed.
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where I is the 4X4 identity matrix and

»w 0 ayy ayy
0 2B ayy &%
ax ap yy O
a axf 0  y¥

with B=exp(—2ria/M) and y=exp(—2xib/N). Let
x=X¢ and y=Yt. Then 9~ is a homogeneous function
of degree # in ¢, and

M= (16)

B(a,b;r,5) X7V
VA
» IMI(X,Y)
= ¥ ———=—h{I-MX,Y)|,
=1 7
B(m,n,rs)amy®
Tr Y ————— n
7,520 r+s
r4s>1
M—-1 N—-1
=—3 X exp[Zm(——i——)] TrIn|I—9|,
a=0 b=0
8(0,0,7,5)x7y* M—1 N—1
r ¥ — 2 =% ¥ WjI-m|.
7,5s>0 r—l—s a=0 b=0
r+s21
By Theorem 1

I ¥ x(Go)=InI*(1+W[p]) =InII*[1— (~W[p])]
o (—W[p])
=[P

=1 J
= (—W(p))
z*%z*[é—j—?)_]’

where in the last case the outside sum is over different
cdls.

If the imbedding were in a torus instead of a plane the
last expression would be equal to

1

S(r,s)xmy?
N —
r+s>1 r+s

where S=MN is the number of nodes on the lattice
graph in the torus. Thus if boundary effects (distinction
between plane imbedding and torus imbedding) are
ignored, one gets

S(r,5)a"y*
In 3 x(G)=—3N ¥ ———
Goad G r4s>1  r4s
(18)
M—1 N—1
=%§TL Zo If\:o lnlI'—m[:
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which is consistent with [KW], pp.-1336-1337, and
(H], p. 18. It is noteworthy that once the respective
combinatorial identities are established, then the expo-
sitions in [H] and [KW] use essentially the same (in
some cases unstated) approximations and reduce to the
same manipulation of the matrix 9.

In particular, the Feynman method as presented in
[H] starts from a combinatorial identity involving
weighted paths and admissible subgraphs imbedded in
the plane, then uses an argument (valid for torus
imbedding) involving closed weighted paths starting
from the origin and continuing for  horizontal and s
vertical steps, then goes through a standard difference
equation calculation as if the imbedding were in the
plane, and finally reduces the answer to an expression
in M. In the presentation here the last transition from
torus imbedding to plane imbedding is avoided by
staying in the torus. Shortly it will be shown how the
lengthy but standard calculation can be avoided by
giving a direct interpretation of the final answer,
utilizing an idea in [T7). The advantage of the Feynman
method is that after his combinatorial identity is
established one pushes ahead by standard methods with
no tricks needed.

The Kac-Ward method starts from a determinantal
identity valid for plane imbedding, but they apply the
identity to a graph imbedded in the torus “ignoring
boundary effects.” The reason for doing this is that
the evaluation of the enormous (AMNX4MN) de-
terminant can be reduced to an eigenvalue problem
which has a neat solution in the case of the graph they
chose but which has no known solution for the case of
plane imbedding. The eigenvalue problem reduces to
consideration of the same matrix 9 as in the other case,
so that the two methods are substantially equivalent
and involve the same approximations. One way of

roughly stating the connection between the methods is

that Feynman’s method is analogous to the treatment
of random walks on the line in [F], Chap. XIV, by way
of difference equations, and the Kac-Ward method is
analogous to the discussion of random walks on a line in
[F], p- 341, example (b), as a Markov chain with minus
the identity plus the matrix of their determinant
playing the role of the transition matrix. The words
“roughly speaking” were used since in the analogy
real numbers (probabilities) play the role of complex
numbers (weights). To offset the advantage of automatic
computation in the Feynman approach it should be
mentioned that the determinantal approach has been
successful ((PW]J, pp. 4245) in handling correlations.

AVOIDANCE OF DIFFERENCE EQUATIONS

The difference equation and its succeeding harmonic
analysis can be avoided in Feynman’s method if one
interprets 9/, the transpose of 917, so that 8 represents
one move to the right, =31 represents one move to
the left, x represents a horizontal move, v represents a
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move up, ¥=+"" represents a move down, and y repre-
sents a vertical move. The weights a, @=a™!, 1, and 0
are associated with turns, as before. Each term in 9™,
say

m;; (M= n1,ng,n3,n4@n1,n,n3,ne 01y 20 M3y

may be interpreted as the sum of the weights of those
paths that start at a fixed point in direction j, continué
for # steps of which 73 are horizontal and #, are vertical
so that at the end the net horizontal displacement is #,
and the net vertical displacement is #,, and finally leave
in direction 7. If one applies

to m;;(™, one singles out the terms corresponding to
closed paths. From this, Eq. (17) follows, and the
difference equation with its attendant harmonic analysis
can be avoided.

PATH FUNCTIONS IN THE TORUS IMBEDDING

It might be asked how to handle the case of torus
imbedding without approximation. Theorem 3 provides
the clue. In [PW] this is carried through by the de-
terminantal methad where, for example, *IT(1+W,[$])
corresponds to the square root of a 4MNX4MN de-
terminant with the weights of a single row of vertical
arcs changed by a factor of (—1) with corresponding
changes for *II(1+W,[p]) and *I(14+W [ p]). These
large determinants are neatly evaluated in [PW] to give
results which agree exactly with Onsager-Kaufman. If
one were to apply the difference equation method
to evaluate the terms in Theorem 3, in particular
*I(1+Wi[p]), there are two courses of action that
come up naturally. The first is to multiply by (—1) the
weights of the “turns” from those lines mentioned in the
foregoing, namely, a fixed row of vertical arcs. As a
result, difference equations (15) must be modified for
those nodes which abut on this row so that in effect one
has a system of linear difference equations with variable
coefficients. This makes the analysis awkward, and
unfortunately a similar awkwardness in aggravated form
arises later for next nearest neighbors in dimension 2,
for nonzero external magnetic field in dimension 2, and
for dimension 3. The neat factoring of the problem into
a four-dimensional one does not seem to go through
readily.

The second approach is to multiply the weight of
each vertical arc by exp—(wi/N). This is neatly
achieved by letting y=exp— (mi(264-1)/N) instead of
exp— (2xib/M). Let M, be M with this new value for v.
Then

M—1 N—-1

*MA+walpD= II II (j1—9m|)%

a=0 b=0
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To get M, retain the original v, but let
' B=exp(—mi(2a+1)/M).

To get M., use the new B and the new . Then for the
case of a torus imbedded lattice graph

M—1N-1

G‘,EG"G."‘ HL I (-
+‘§‘:I_I:(II oM, | )t
+A§1:I;I:<fl—mh.vi>%
~T0 1T (11—

If one were to try to handle the torus imbedded case
from Theorem 3 bypassing the difference equation, then
one might try to handle the expression *II(1+Wa[p])
by multiplying weights of a row of vertical arcs by
(—1). The resulting lack of homogeneity from node to
node causes difficulty as it did in the difference equation
approach. In following the progress of a path in ac-
quiring weights it is no longer sufficient to iterate a 4 X4
matrix 9N, where the four is associated with the four
directions to and four directions from each typical node,
because there is no single typical node. One is led to
consider a 4M N X4MN matrix 91, taking each of the
arcs separately. One no longer need include factors like
B or vy since they merely constitute a means of telling
whether or not weights being counted are associated
with closed paths. The 91 which does this trick is minus
the identity plus the matrix of the Kac-Ward determi-
nant suitably weighted to take care of the vertical arcs
in the distinguished row. Let T'(r,s) be the sum of
weights of all closed paths involving r horizontal and s
vertical steps. Note that if the old weights were used
then T'(r,s) =S (r,5) = MNS(r,s). Instead of Egs. (17)
and (18), one gets

In 3 x(G)=-—3%

Goad G r+s>1  r+s

M llnll M.

Here one naturally goes from Feynman’s con;ecture to
the original Kac-Ward determinant. If the alternative
homogeneous weighting is used on all vertical arcs, then
one can reduce the calculation directly to that of a 4X4
determinant.

ISING MODEL FOR DIMENSION THREE AND FOR
DIMENSION TWO WITH NEXT NEAREST
NEIGHBOR INTERACTION

The success of the strategy of using an identity re-
lating paths and graphs valid for plane imbedded graphs
or torus imbedded graphs and then in the case of torus
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imbedded lattice graphs by any of the methods (de-
terminant, difference equation, or direct) evaluating the
resulting expression in paths, suggests that a similar
approach be used for the Ising model next nearest
neighbor interaction with zero-external magnetic field in
dimension two and for the Ising model with only nearest
neighbor interaction and zero-external magnetic field in
dimension three. First it must be made clear what ex-
pression in admissible graphs is sought. Kac has in-
formed the author that he and Ward had proved that in
a certain sense for the case of dimension three there isno
system of weights like the system which they introduced
in dimension two and which gave the identity involving
paths and admissible graphs.

Armed with this information, the author presents
some examples which show that this is true. Neverthe-
less, by exploiting the notion of graph with crossover
nodes for both the cases of next nearest neighbor
interaction and dimension three and using’ weights,
which depend on particular projections in two-dimen-
sional spaces for the case of dimension three, identities
with sought-for expressions involving weighted paths on
the other side are developed for both cases.'Some of the
motivations and ideas in this section’ came from the
theory of knots, and it may be that a more intrinsic
analysis in this direction may yield interesting results.
The identities developed (in the case of dimension three
there is an identity involving the sought-for expression
in admissible subgraphs on one side and an expression
in weighted paths, one for almost each two-dimensional
projection—which plays the role of a coordinate system)
are new but complex, and the evaluation of the expres-
sion in weighted paths has not yet been accomplished.
Some results relating Feynman’s conjecture to the
fundamental group and first homology group of the
graph as well as identities applicable to group rings will
be presented on another occasion.

Consider the earlier lattice graph, with both diagonals
of each elementary two cell included and the midpoint
of each elementary two cell included as a crossover node.
Thus for each (mmn), 0<M<M—1, 0<n<N-—1, ap-
pend diagonals of the first kind going from (m,n) to
(m+1, n+1) and of the second kind going from (m,n)
to (m—1,n+1) getting 291=2MN new arcs and also
append nodes at (m+3%, n+4%), thus getting 9% new
nodes each with a crossover condition. Really to be
consistent with previous definitions one should have
introduced arcs going from (m,n) to. (m-+3%, n+1) and
from (m+%, n+%) to (m+1, n+1), but the nature of
the crossover condition is such that a path which
traverses the first arc must traverse the second, and so
one amalgamates them, The fact that in the new

“graph” two different arcs have common inner points
causes no problem. The comblnatorlal problem to which
the next nearest neighbor problem reduces is to find

g2(%,9,4,0) =3 " ni1,n2,n3,n4gn1,n9,n5,n4% "YU I,
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where gni,ne,n3,n4 is the number of admissible subgraphs
consistent with the crossover conditions having #,
horizontal arcs, »n, vertical arcs, n; diagonal arcs of the
first kind, and #4 diagonal arcs of the second kind. The
dimension three nearest neighbor Ising model reduces to
finding

: l(-x,y,z) = Zm1,m2,mgtml,mg,mgxmlymzzm:‘

with fm,me,m3 equal to the number of admissible
subgraphs of the given lattice graph in three dimensions
with %, arcs parallel to the x axis, #, arcs parallel to the
y axis, and #; arcs parallel to the z axis.

WEIGHTED PATHS IN THREE SPACE

One approach to the dimension three case is to assign
weights (elements of a field probably noncommutative)
to each turn, these as a result assigning weights to cdls
so that Feynman’s conjecture with these weights is true.
A question arises as to what constitutes a “turn.” For
dimension two there were three allowed turns S,
straight ahead, with weight 7; L, left with weight
a=-¢exp(ir/4); and R, right with weight & Reverse is
disallowed or, which amounts to the same thing, given
weight 0. Suppose one talks of “turns” from current
direction, thus getting five allowed turns: S, straight
ahead with weight s; L, left with weight /; R, right with
weight 7; U, up with weight #; and D, down with weight
d, instead of the 30 “turns” one would get if a “turn”
were specified by the ordered pair consisting of the
incoming direction followed by the outgoing direction.
Suppose s=e¢, the identity element of the field. In order
that each admissible subgraph of the three-dimensional
lattice graph be counted correctly, it must be that the
product of the field elements corresponding to turns
equals —e. What Kac and Ward found (oral communi-
cation) is that no such uniform assignment of field
elements is possible, no matter what the field. One
closed path (unknotted) described by successive turns
is DSLLDSLSUULS. Thus dlPdlu%= —e. Another is
DLLDLL. Thus di%di*= —e¢, I7'u?l=¢, u*=e¢. A similar
argument yields /2= d?=¢. But —e=dI2dl*=d?=e¢, which
is a contradiction, thus yielding the Kac-Ward assertion.

A more decisive nonexistence theorem involving as-
signment of field elements to the 30 “turns” would be
desirable. Nevertheless, this is negative evidence as
regards the possibility of establishing the identity of a
function of weighted paths with the desired function of
admissible subgraphs. '

SECOND CROSSOVER THEOREM

Consider now the three-dimensional lattice graph G.
Take a regular projection P of G into some two-
dimensional subspace. By a regular projection P is
meant one such that if for each PyeP(G) by u(Po) the
multiplicity of Py (the number of elements of G mapping
onto. Py) is meant, then all but a finite number of
elements of P(G) have multiplicity one and the re-

ISING MODEL 215
maining elements having finite multiplicity.- There are
an infinite number of such regular projections. P(Gy)
plays the role of the knot diagram in knot theory (see
Alexander [A]'%). The “diagram” of a knot ([A], pp.
276-277) depends on the particular projection, but the
Alexander polynomial of the knot doesn’t depend on the
particular projection and the Alexander polynomial can
be computed from the “diagram.” It was just these con-
siderations, as well as some of the more intimate details
in the knot theory development, which motivated the
current theorem. For the three-dimensional Ising prob-
lem one is interested in

Z X (Go)

Goad G

with no crossover constraints. With proper identification
of indeterminates, this reduces to

Z X(Go)

Go adeec P(@)

with proper crossover constraints at those image ele-
ments (now nodes) whose multiplicity is greater than
one.

Since both the three-dimensional Ising model and
the two-dimensional Ising model with next nearest
neighbor interactions reduce to evaluations of the type

Z x(Go),

Gop adoc G
consider Theorem 2. Here Eq. (7)
TA+WD= T (—1)<x(Go).

Gp adee G

Moreover, for the G of two-dimensional next nearest
neighbor interactions, the approximate result following
Eq. (18) is

M~1 N—1
an(1W%%kaZmumm
G adee G a=(} b=0

where now Muan is an 8 X8 matrix. The rows of this
matrix correspond to the eight different directions of
approach to the typical one of the 9N lattice points, its
columns are the same with respect to outgoing direc-
tions, and its entries reflect the number of horizontal,
vertical, and diagonal steps of both kinds (the net
displacement and the weight acquired in turning) in
each step. The exact expression appropriate for torus
imbedding involves the same linear combination of de-
terminants as in the nearest neighbor interaction, but
now one has 8 X8 determinants. Thus for

CX (- )t9x(Go),

Ggadee G
not only is an identity available, but also a formula for

1A J. W. Alexander, Trans. Am. Math. Soc. 30, 275-306
(1928).
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evaluating the resulting function of weighted paths.
Unfortunately, what is sought for physical applications

is
2 x(Go).

Go adee G

For concreteness, think of the next nearest case where
at the center point of each of the elementary two cells a
crossover condition is imposed. Then

fee@="TMA+W[p])= X (—1)x(Gv),

Go adec G

where C is the collection of crossover nodes, and d is a
vector whose components correspond to the inde-
terminates, one component for each indeterminate. For
each PeC, let dy;_y, ds; correspond to the two diagonals
in the crossover condition. If

Aifcc(d)
= df%{ _fCG(dl) vt ')d2i—-27 _'de'-—la —dZiy d2i+l, . 'ydn)

+fee(dy, - -+, dois, —daiy, daiy dosyr, -+, dn)
+feeldy, - -+, doie, doiy, —daiy doiyr, -+, dy)
+fceldy, - -+, dois, daiy, doiy daiyy, + -, dn)),

then A;fce(d) is equal to the sum of (—1)7(Go+ly(G,)
for those Go adcc G with both arms at P, in the crossover
condition plus the sum of (—1)7«(%y (Gy) for all other
Go adcc G. The effect of A; on fee(d) is to eliminate
undesired minus signs in the expansion of f¢g(d), the
signs being those associated with the crossover condition
at P;. From this is deduced
Theorem 4.

(ITA)fee@)= X

jeC Go adec G

X (Go) .

This is the identity between a function of weighted
paths and the function of admissible subgraphs desired
for the two-dimensional Ising model with next nearest
neighbor interactions and the three-dimensional Ising
model with nearest neighbor interactions.

The reformulation for the torus imbedded case is
immediate.

ISING MODEL FOR DIMENSION TWO WITH
EXTERNAL MAGNETIC FIELD

By means of the low-temperature expansion the Ising
model for dimension two with external magnetic field
can be ((NM], pp. 358-359) reduced to finding

(2,y,0) = 3 "n1,m9,n3tny,ng,nax ™y g "

where Jiny,no,ng is the number of 2 chains mod 2 or,
equivalently, unions of elementary two cells whose total
area is 73 and whose interior boundary has #, horizontal
arcsand z, vertical arcs. For the case of torus imbedding,
the adjective interior is unnecessary. For the case of
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plane imbedding, ignore boundary effects by letting
ha(%,9,0) = 3 _n1ng,ngha,n1,ng,nsk My "0 ™,

where ’a,n1.n9.n3 Is equal to the number of 2 chains
mod 2 whose total area is #; and whose full boundary
has #; horizontal and #, vertical arcs.

Suppose one steers a course midway between the
complications of the pure plane imbedding and those of
the torus imbedding. Consider combinatorial identities
appropriate to /4, and therefore appropriate to the ap-
proximate plane imbedding. The techniques can be ex-
tended to the torus imbedding, but this will not be
done here.

A key notion is that of an index of an admissible
planar graph relative to a point of the plane. Let (Q; G)
be the index mod 2 of a point Q relative to an admissible
linear graph G imbedded in R, where Q,G. Take any
simple arc going from Q to the point at infinity and
intersecting G at a finite number of points, no one of
which is a node and all of which are crossing points. If
the number of intersections of the arc with G is odd, then
1(Q; G)=1. If the number of intersections of the arc
with G is even, then 7(Q; G) =0. Since the homotopy of
an arc past a node of an admissible graph G does not
change the parity of the number of intersections with G,
note that 2(Q; G) does not depend on the arc chosen. An
analogous definition can be given for i(Q; p), where now
multiplicity must be taken into account. Consider any

[pf; x(G)]={[p1]- - -[#+]}. Then
Ii(_l)i(Q:pi)= exp[iaré i(Q; py)]=(—1)i@Co,

From this, one gets the following:

Theorem 5. Let G be a planar graph with a set of n.(G)
crossover conditions. Let Q;, 1< j<a, be pointis of the
Dlane not on the graph. With each Q; associate an inde-
terminate w;. Assume the indeterminates commute under
multiplication and w;it=1, 1< j< A4, Then

*H(1+W[?]'w1i(0“p) e HQ4 p))

= > (- 1)nc(G'o)x(Go)wli(QuGo) w4 HQAIGD)
Go adee G

Note that in the special case of no crossover conditions
and G the two-dimensional lattice, the last expression in
Theorem S becomes £a(x,y,w) if (1) the i(Q;;Go) are
given their O or 1 determinations and regarded as ordi-
nary integers, (2) one and only one Q; is placed in each
elementary two cell, say at its center, (3) the inde-
terminates corresponding to horizontal (vertical) lines
are set equal to x(y), and (4) all the w; are set equal to w.
An alternative expression for k,(x,y,w) has been de-
veloped involving the convolution of A expressions, but
it will not be presented here.

For the case just discussed, one way of modifying the
indeterminates in Theorem 2 so as to get the result of
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Theorem 5 would be to draw a horizontal line /; to the
right through each Q; and for each arc 4; let the new
indeterminates be

A
d; IT 244,

=1

where u;j=11if A, intersects /; and u;=0 if 4; does not
intersect /,. If these are used instead of the indeterminates
of Theorem 2, then the special case of Theorem 5 re-
sults. There'are many alternative ways of modifying the
indeterminates so as to achieve the same final result.

ISING MODEL WITH A PARTICULAR
EXTERNAL MAGNETIC FIELD

Lee and Yang [LY], in section VE of their paper
(whose notation and results will be used without ex-
planation) on the connection between condensation in
a lattice gas and the Ising model of ferromagnetism,
summarize the state of knowledge on a two-dimensional
ferromagnetic Ising square lattice in a magnetic field. In
addition to the Onsager formula [0, [K]® for the
partition function with O external magnetic field and
Yang’s formula for the intensity of spontaneous mag-
netization at 0 magnetic field, they give for the free
energy per spin at z= — 1, which corresponds to a purely
imaginary magnetic field equal to ir/2,

F(z=-1)
ir kT p7 pr
= —————— — 42)2] —_ 2.
3 4«2];»[(; log{ (1—22?[ 14 (6 —4 cos’w
—4cos’w!)a?+ x4 }dwdw' ([LY],Eq.[48]). (19)

They reserve the proof of this formula for a later
publication, which to the author’s knowledge has not
appeared. Nor has anybody else given any results on the
case of nonzero external magnetic field which Lee and
Yang say ([LY], p. 413) is related to the complete
solution of the lattice gas model outside the transition

17[O] L. Onsager, Phys. Rev, 65, 117-149 (1944).
18 [K] B. Kaufman, Phys. Rev. 76, 1232-1243 (1949).
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region. In the current communication it is shown

Flz=—1;0N)—— 4=
sJ2og)dm

so that the foregoing Eq. (48) is incorrect.
The total number of spins in the Ising lattice is

R=[1]+LL]1

The total energy of the Ising lattice is

Ur=H[1-[1D+L1 Je
=—HR+2H[|]+[1] le

The grand partition function

2 —NF 5> (—Uz)
=¢€X — = €X
p( kT ) P ET

e {2

where the sum is over all two to the 9tth spin configura-
tions. With Lee and Yang let

s=exp(—2H/kT)
x=exp(—¢/kT)

and further let 4#(4,l; 9) be the number of spin con-
figurations with 4 =[|] and !=[1] ]. Then

Hx
Z:. CXP(E)ZAJ h(A,l; m)zAxl-

Since
h(AL; ) =h(N—A,1; ),

it follows if 9 is odd then
>4 even H(A1; M) =2 4 oaa £(4,}; N).
Thus for z=—1 and N odd,
Z(z=—1;MN)=0 and F(z=—1;9)=+4,

contradicting ([LY], Eq. [48]). The argument just
presented applies equally well to plane and torus
imbedding.
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In this paper ergodicity conditions for a quantummechanical system are investigated in the line of thought
of recent papers of Bocchieri and Loinger and of authors themselves. More precisely, the averaging @ over
all the initial states used in the paper by Bocchieri and Loinger is here substituted by an averaging ® over
the initial states belonging to a given cell; that is to say, over all the microscopic states corresponding to
a given macroscopic state. Restrictions to be imposed on the Hamiltonian in order that relation

¥ ®B(Mu,(t)—s,/S)?
z s &

y=1

1

be satisfied are then looked for. These restrictions could be obtained only in an implicit form.

INTRODUCTION

ECENTLY, Bocchieri and Loinger! have given an
ergodic theorem which may be expressed by the
following relation:

~y QM(%,(!)—S,/S)Z N1
<Y —1. (1)
r=1 5.2/S? =1 §,

The notations here are the same as those given by
other papers.? More precisely, the energy shell is
supposed to be subdivided into N manifolds (cells)
Vi- -V spanned by the vectors

N
wi(p=1,2, - N;i=1,---5,; > 5,=5).

v=1

#,(t) denotes the quantummechanical probability that
at time ¢ the system is in a state belonging to the
manifold V,; M denotes the time averaging; and @
an averaging over the initial states.

A stronger version of this theorem has been given
later by the authors of this paper? and is expressed by
the following relation?:

_ SN
P(@(ao)>0) <exp[—x (s,nina)4:|+x+log~t—§~,

x=0, 3.

(2)

Here #(a,b0) represents the time fraction during which
even one of the quantities

(1, (1)~ 5,/ S)
5,2/ S?

alone, for an initial state yy, is greater than a; P (¢ (a,¥0)
>4) represents the probability that ¢ be greater than
d.

! P. Bocchieri and A. Loinger, Phys. Rev. 114, 948 (1959).

2 G. M. Prosperi and A. Scotti, Nuovo cimento 13, 1007 (1959).

3 This relation, more suitable for our discussion here, can be
deduced from (6) of footnote 2 in a way similar to that used
there to derive relation (10) from (5).

A=

The average @ in (1) and the probability P in (2)
are calculated attributing an equal weight to all the
initial states of the energy shell. These theorems state
essentially that for the greater part of the time the
following relation is very accurately verified :

#(0)=5/S5, 3)

with the exception of a set of initial state vectors of
very small weight. This result can be obtained on the
basis of only two assumptions of a very general char-
acter: (a) the system has very many degrees of freedom,
i.e., the quantities s, are very large, and much larger
than NV; (b) the time evolution operator is unitary.

The interest of theorems (1) and (2) lies mainly in
the fact that they show the importance of the role
played by the geometrical structure of the energy
shell as regards the laws of statistical mechanics. On
the other hand, just because of their generality, these
theorems cannot provide any ergodicity condition, i.e.,
they cannot distinguish the physical systems actually
approaching thermodynamic equilibrium. This is es-
sentially caused by the fact that the averaging operation
on which they rest does not take into account the
selection of a particular class of states connected with
the nature of macroscopic observations.

We notice in this regard that the choice of the
vectors w,, by means of which the energy shell is
decomposed into cells is not arbitrary, but imposed by
the nature of macroscopic observation in the sense that
a given macroscopic state must be completely char-
acterized by assigning the cell ¥, to which the state
vector of the system belongs.

To say, therefore, that a system exhibits an actual
tendency towards a state of equilibrium Vg amounts
to saying that if one supposes to have found it in a
state V, in a certain observation, there is a very great
probability of finding it in the state Vg in a successive
observation. If the state Vg has a microcanonical
probability sg/S very near to one, i.e., much greater
than that of all other states, the system will have the
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foregoing mentioned property only if relation (3) or
even the weaker one:

Mu,(t)=s,/S 4)

is verified, not for the overwhelming majority of the
microscopic initial states belonging to the whole energy
shell, but for the overwhelming majority of those
belonging to each cell V.. (If this is the case, obviously,
the interpretation of the quantity s,/S with »¢E as
the probability of a fluctuation towards the state V,
is also justified.)

One can immediately see that this cannot be inferred
from theorems (1) and (2): in fact, on the hypersurface
of the initial states corresponding to the whole energy
shell, the statistical weight of all the states belonging
to one of the manifolds V, is actually zero. Conse-
quently, it cannot be excluded that they correspond,
completely or even for the greater part, to exceptional
configurations. (This is the case, for instance, if a par-
tition of the subdivision into cells exists which is invari-
ant with respect to the time evolution operator). For
this reason in this paper, since we abandon the point of
view of theorem (2) which would be too difficult in this
case, we will substitute the averaging @ of theorem (1)
by an averaging ® performed over all the initial states
belonging to the same cell and look for the conditions
which the Hamiltonian must satisfy in order that the
following two relations be verified :

®Mu,(1)=2s,/S, (5)
N ®(Mu,()—s,/S)*
1. (6)
»=1 5,2/ S?

The following example which is very simple, but
particularly significant may conveniently illustrate the
considerations of this section [see G. Ludwig, Z. Physik
135, 483 (1953)]. Let us consider a system S composed
of two distinct macroscopic systems S; and S.. To
charactetize macroscopic observations on Sy and .S, we
will suppose that the energy ranges have been sub-
divided in consecutive intervals of equal width
(EW, ESY4+AED) (E,®, E,24AE®), respectively,
and that in each energy shell obtained, a system of
basis vectors {@Pa1s1i1}, {@Pagreis} has been introduced.
Clearly, every macroscopic observation on the whole
system will consist of two independent observations on
Sy and .S, respectively, so that the macroscopic states
of the total system S will be characterized by the energy
shells (E,, E.+AE) with AE=AE®4AE® and by the
basic vectors

Wari=w0Wayi10Pagngiy, with a1 and . such that
Eo,Y+Eey?=E,.

If S1 and S are thermally isolated, i.e., there are no
energy exchanges, then evidently all the cells corre-
sponding to a given pair of values @, and @, are invariant
submanifolds of the total energy shell. If initially S,
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and S, are not already in the equilibrium configuration
(equal temperature) they will never exhibit any tend-
ency to approach it. On the other hand, if S; and S; do
interact (thermal contact) one should expect that,
under reasonable assumptions on the interaction
Hamiltonian, S; and S, actually tend towards thermo-
dynamic equilibrium,

1. SOME PRELIMINARY RELATIONS

We want to recall here, first of all, some formulas
which will be needed in performing the foregoing
mentioned average.

Let us consider a normalized vector of a complex
g-dimensional manifold spanned by the system of
orthonormal vectors {¢,}

q
‘I’:‘Zp Cp@p.
1

If we attribute an equal statistical weight to all vectors,
the extremities of which lie on the hypersphere of

. q
equation >_,|c,|2=1 (i.e., if we attribute to a certain
1

set of vectors, which corresponds to a certain region of
the hypersphere, a statistical weight proportional to
the area of that region), we obtain for the average
value of the nth power of the quantity

u=z lel2 (p<q),

the following expressibn (due to von Neumann)*:
p(p+1)- - (pHn—1)
glg+1)- - (g+n—1)

By applying this formula in the cases p=1, #=1 and
=1, n=2, we get

<u n) av =

1
<“7pl )aV“;a <l6pl >w_qq(q+1)'

On combining the last result with that of case p=2,
n=2 we obtain then

(lcnlzlch)av:

(p#0).
gty

By making use of the preceding results and of symmetry

considerations, we finally have

()

<CPC,*>,W =—0pq,
q

6pp’6vv’+5pv6p’n’ 6pp'6vv’+6pvap’w’

q(g+1) ¢
+7J. von Neumann, Z. Physik 57, 30 (1929), Appendix.

. (7!/)

(€oCo*Coa*Cor)av=
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2. ERGODICITY CONDITIONS
(a) Linear theorem

Let us suppose ¢oC V,, we may put

*l/o=zl’fj(wu5,\1/o)w»i; 8

we have then

8 Sy

()= Z Z‘.“ (@uj¥0)* (wuir Wo)
3 *
(oo = )on)
i
X (w,,i, exp(— ;Ht)w,,j.).

On applying (7') to the manifold V, one gets

1
&E(wuj,\bo)*(ij’ 7‘/’0)] = 551"1
Sk

(wy,, exp( - —Ht)w,,,)

so that (5) will be satisfied if

whence

(BMu,,(t)——— z;, M Z;

Su

1 S Sy ’1:, 2 Sy
—3 M Z (w,,-, exp(-—— wﬂi)w,,») >~ {10)
Sy 1 % S
(b) Quadratic theorem
If we put

S s P *
LWy jp=— Zi{M[(wy,—, exp(—-— —Hi)wm»)
s, 1 %
. i Sy
X (w.,i, exp(— };Ht)w"j,)]_. Eaﬁ, }’

(Mu,(t)—s,/S)? Su
W ;n 2w L0y 50 L9 yge®

X (w}li>¢'0)* (ij’ )‘(/0) ‘ (wﬂkxtﬁﬂ) (w#k' ;'l’ﬂ)*-

we may write

Hence, if we make use of (7”), which gives

®BL(w4¥0)* (@ e W0} (@t o) (wurr ¥0)* ]

1
(8 0ka 0280,
5.2

PROSPERI AND A.
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we obtain

bl (B(Mu,(t)«s/S}2 N

Zv "“‘(Z] Lw}u ii Zl L» :l‘k*

1 5,2/85?

Su
+Zii’ L(y)f:;ﬁ’st; ;r‘:"*)
1

Ny 1 N 2 sy
=3 “—2[ (Z:‘ L(”)»;jj) +20 5 | L 12],
1 S“ 1 1

so that (6) will be satisfied if

A | s 2 sy )

2 —2[(21' L(”)u;n’) +Zﬁ'|Lmu:;’;"i2]<<1-

Sy 1 1
A reasonable way of satisfying this condition is to
suppose
1
Z] ‘L( )I‘ 7i

Sp 1

1 1 s
<<““, — i | L5
521

That is, explicitly

1 Su Sp 1: 2
—2 M3 (wyi, eXP(-— ~Ht)w,.j)
su ! 1 %
Sy
—5,/S <<—-— —, (10"
L)
1 su 1 s
"“2:3 Z] M}:z(wva, eXp(— —Ht)w,,,)
Sg 1 Sp 1
(soep(=yJone )~ | <y 00
X wui, expf ~ —Hit Joujr )= | L —,
p h B S 13 N 5‘2

We notice that if, instead of (10’)(10”), one supposes
the following much more restrictive condition, to be
verified

8y ?: *
M3 v, exp(-— —-Ht)w,,,-)
1 7
i Sy
X (w,,.i, exp(m %*Ht)wyj')g:’:;ajj', (11)

then, as one can easily deduce from (9), condition (4)
is satisfied for every initial condition and not only for
the overwhelming majority of these.’

§ Starting from an initial state vector of the following type:

N
Yo =2 »D‘ss (0):}*‘}{'0#’

where Yo, is normalized and belongs to V, and denoting now by
® an average, by letting each ¥, vary independently within the
cell V, whole keeping #,(0) constant. Relation (4) may be still
satisfied if one substitutes (10"') with the following relation,
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3. DISCUSSION OF THE RESULTS

To understand the meaning of the ergodicity condi-
tions derived in the previous section, let us begin by
discussing condition (11) which is the simplest formally.

For j= 7' the left-hand side of (11) becomes the time
average of the norm of w,; time evolved and projected
on to the cell V,. Such a condition requires, therefore,
that this quantity be proportional to the dimensions of
the cell V, whatever the values of u and j; that is to
say that no cell may be particularly preferred in the
course of the time evolution of w,;.

For j#j’, the left-hand side of (11) becomes the
time average of the scalar product of w,; and @,y
time evolved and projected on to V,. Condition (11)
then requires that there be no appreciable correlation
between the directions of these two vectors.

Conceptually conditions (10’), (10”) are similar to
(11); they contain, however, averages over the values
of 7 and j’ relative to a given cell V,; that is, they are
therefore much less restrictive, as one can see immedi-
ately, if one realizes that reasonable values for s, are,
for instance, of the order of €.

We empha51ze that (10%), (10”) are the most general
ergodicity conditions. Their analytical structure can be
better understood by giving them another form. To
this end let us consider the spectral decomposition of
the Hamiltonian

where P, is the projection operator on the manifold of
eigenstates belonging to the eigenvalue E,; we have

then
( iH) 8 iE P
expt — —Hi )= [ — =B, ;
P P Zl:p Xp( P p) I3
thus (M exp[— (i/h)(E,—E,)t]=5,,), (10"), (10”)
become

Low s & s 1s,
— 205 2o 2oi| (woiy P o) [2— — L——, (12)
T S| NS

Su 1

which is a little more general:

i *
ME (w,.', exp(— -—Ht)w,.,-)
/2
7 Sy
X( wwi, expl = ~Ht Jowp J— —,u8spr| <— —.
# S N §

However, these relations have only a formal interest in view
of the fact that, from a physical point of view, no particular
meaning may be ‘attributed to state vectors of this type.

1sp 1 s

i
Su b s,,l

2 152
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1 s 1 8 |8 &
__ZJ Z; Zp Z (wvi)Ppwuj)*(wvi’Ppwuj’)
Sp 1 osp 1 |1
Sy 2 15,2
— | K== (127)
S N §?

If we assume that there are no degeneracies and denote
by U,,»: the unitary matrix, which connects the energy
eigenvectors with the basis w,;, we obtain

sp 7 *
M3 (w,,-, exp(—- -Ht)w,.,-)
1 3
X (w,,,, exp(— —Ht)w,,, )

=Zp UP:I-‘J

1

J o i Z(Upnl .

Condition (11) becomes then, under this assumption,
equivalent to the ergodicity condition given by Fierz®

8y S»
iU;viz_.N—t_"-
Zlil e 5

From (12’) (12”) one can see that our ergodicity
conditions are essentially conditions on the spectral
family of the Hamiltonian of the system, they are then
connected in a rather complicated way to the structure
of the Hamiltonian itself, and it does not seem an
easy task to show that they are actually satisfied in
the case of systems physically interesting such as, for
instance, a gas of weakly interacting particles.

This, no doubt, is their essential drawback.

However, one should not forget that such a situation
is not different from that of classical statistical me-
chanics where no criterion has yet been found to single
out metrically transitive systems. (Metrical transitivity,
in fact, is the ergodicity condition generally assumed
in classical statistical mechanics.)
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It is pointed out that Carathéodory’s proof of his theorem on pfaffian forms, which was used in his axio-
matic development of thermostatics, is not complete and does not make clear whether this result is valid
locally or globally. This theorem is replaced by a more precise statement of a local nature, for which a
proof is given. By tracing through Carathéodory’s use of the concept of thermal equilibrium with respect
to simple systems, it is shown how the existence of a global entropy and absolute temperature may be

deduced from this local result.

1. INTRODUCTION

N 1909 Carathéodory proposed an axiomatic founda-

tion of thermostatics.! In this work he stated a
theorem on pfaffian forms, known subsequently as
Carathéodory’s theorem, but mathematicians have
found his proof to be incomplete. Moreover, it is not
made clear either in the original or subsequent treat-
ments of Carathéodory’s approach?—® whether this
result is local or global. In Sec. 2 of this article, we
shall restate the theorem more precisely as a local
theorem and shall give a proof of our statement in
Sec. 3. In the final section, we shall discuss how this
local theorem finds a global application in thermostatics
through the use of Carathéodory’s assumptions on
thermal equilibrium.

2. CARATHEODORY’S THEOREM

We quote Carathéodory’s theorem!:
“Let a pfaffian equation

dxot+X1d1+ - - -+ X ,dx,=0 (2.1)

be given, where the X, are finite, continuous, differ-
entiable functions of the x;, and it is known that in
every neighborhood of an arbitrary point P in the
space of the x;, there are points which cannot be reached
along curves which satisfy this equation, then there
must be a multiplier of the expression (2.1) which
makes it an exact differential.”

In the course of his argument, Carathéodory appears
to establish that on the line xo=¢, xx=a, k=1, - - -, 7,
there is exactly one point which can be reached from a
given point a, a1, - - -, @, along a curve satisfying (2.1).
This would indeed show that the coordinates of the
points which can be thus reached from P satisfy an
equation of the form

F(xo)xlr e )xﬂ) = Oy
but it is not shown that F is a smooth function, which

1, Carathéodory, Math. Ann. 67, 355 (1909),

2 M. Born, Physik. Z. 22, 218-225, 249-254, and 282~286 (1921).

3 C, Carathéodory, Uber die Bestimmung der Energie und der
absoluten Temperaiur mit Hilfe von reversiblen Prozessen (S. B.
preuss Akad., 1925), pp. 39-47.

4S. Chandrasekhar, An Introduction to the Study of Stellar
Structure (University of Chicago Press, Chicago, Illinois, 1939).

8 A. H. Wilson, Thermodynamics and Sialistical Mechanics
(Cambridge University Press, New York, 1957).

would be required for the remaining part of his proof.
Without doubt, this single gap could be bridged with
some further work on his proof, but additional diffi-
culties would remain, and the process of removing them
could become tedious. Hence we have chosen to replace
his argument with one of a different nature. Besides,
neither Carathéodory’s statement nor his proof clarifies
the question of whether his result should be interpreted
locally or globally. Thus we shall demonstrate, instead
of the theorem quoted in the foregoing, a more precise
statement which we call Carathéodory’s Local Theorem:
Let

DP=Z P,-dx,-

1=1

(2.2)

be a given pfaffian form in a region G of the space whose
points have coordinates x1, -+, X Suppose that the P;
are infinitely often differentiable funciions of the x: and
that 3 i1 P:P;>0 in G. Suppose further that in every
neighborhood R of an arbitrary point aeG there exists
another point in R which cannot be joined to a by a
piecewise smooth curve satisfying 3 i=1"Pdx;=0, and
lying entirely in R. Then in some meighborhood of a
there are functions \(x:) and ¢(x;) such that

DP=X\de.
The proof of this theorem is the subject of the next
section.
3. PROOF OF CARATHEODORY’S LOCAL THEOREM

We quote a theorem on pfaffian forms:

Every pfaffian form
w=g1df1+ e +gmdfm,

in which the symbols whick occur, fi, g are infinitely
often differentiable functions of n independent variables,

say wy, - --, Uy, can be put into one or the other of the

following forms (in some neighborhood of each point)®
w=dz1+yodz0+ - - - F+y,d3,, 3.1)
w=y1d%+ -+ -+ Ypd3p. (3.2)

§ C. Carathéodory, Variationsrechnung und Partielle Differential-
gleichungen Erster Ordnung (B. G. Teubner, Leipzig, Germany,
1956), Vol. 1.
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In each of these expressions, the symbols which occur v, 3;
are mutually independent (infinitely often differentiable
Sunctions of uy, « -+, uy).

We shall see that our theorem follows almost im-
mediately from this one.

Consider a point aeG. Then in some neighborhood,
H of a we may write either

+1
DP= Z )\,,d(p,',

1=1

(case 1),

or

r+1
DP=dp;+ 3 Adeg;, (case IT),

=2

in general, where, in accordance with the theorem
quoted in the foregoing, all of the Ax and ¢x occurring
are independent functions of %, - -, x,. In case I, we
must have at least one of the A;>0 at a, since

> PP;>0.

i=1

We may assume in this case, without loss of generality,
that \;>0 at a, and that H is so chosen that A;>¢>0
in H, where € is some positive number. Then define

DQ=DP (casel),
or

DQ=DP/\, (case IT)

in H, so that DQ has the form

DQ=da+ 3. bt (3.3)
p
in general, where &, p;, ¢;, =1, + - -, r, are independent
functions of the «; and DQ satisfies the hypotheses of
Carathéodory’s local theorem in H. We shall show that
actually DQ=da, and that the $; and ¢; cannot occur.
Suppose that there is at least one $; and ¢; occurring
in (3.3). Then choose vor42, * - -, ¥, s0 that & P, G, Dr,
j=1, - 7, k=2r42, - - -, n, form a set of independent
functions in some neighborhood H of a contained in H,
and take them to be coordinates there. Let these
coordinates of a be given by &, o, «f;, o7 Make the
further coordinate transformation

a=a— o+ Zl oPi(85—d)),
. =

qi=Gi—afi, Ve=70r— alr,

k=2r+2, .-, n.

Di=1D:— abs,

i=1,---,r,

Then the coordinates of a all become zero; also

DQ=da+ 3 pidy.
=1
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Consider now a neighborhood N of a, contained in H,
of the form

—P<a<lP, —2A<p;<U, —l<q<l, —I<n<l,

where / is some positive number. Given any point belV,
with coordinates s, 395, 59i, 50k, We shall now construct
a curve CeN, satisfying the pfaffian équation DQ=0,
and joining a to b. Let C consist of the five smooth

parts, Cy, - - -, Cs defined as follows, where ¢=1, - - -, 7,

E=2r+2, .-, n

Ci: =0, pr=—1l, pa="---=p,=0, ¢;=0, v,=0;
0<:i<1. '

Cy: a=pwa(t—1), pr=—1I, po=+.-=p,=0,
g=a(i=1), =" =¢=0,0=0; 1<t<2.

Ca: o= p0x, P1=l(t—3), P2= e =p,=0, q1=l"1ba,
ga=---=¢,=0, 1,=0; 2<t<L3.

C4: o= p, Pi=0) ql:l—lba(4—t)+bql(t_3)1
qi=uq1(4—3), 1,=0, 3<1<4.

Cs: a=a, pi= b{);(t—‘q-), §i=vqs, Vx= b?)k(l—4), 4<<5.

But the existence of the curve C violates our hypotheses.
Thus the only alternative is that (3.3) read dQ=da, or
either DP=X\d¢; (case I) or DP=d¢; (case II), On
defining A=A, in case I, A=1 in case II, and ¢=1¢; in
both cases, we get DP=Mdy in H, and hence the
theorem is proven.

4. GLOBAL APPLICATION OF CARATHEODORY'S
THEOREM IN THERMOSTATICS

This, our concluding section, is devoted to a remark
on how the local Carathéodory theorem is applied
globally in the space of states of a system through the
use of the concept of thermal equilibrium. The develop-
ment is essentially that of Carathéodory,! but the
remarks on local and global interpretations are ours.

Carathéodory considers simple systems which, as far
as we are concerned, are pfaffian forms of the type

dE+ 3 X4V,

grm]

(4.1)

where # may take values 1, 2, - - -. The X, are functions
of E, Vy, --+, Va. These forms constitute a class with
the following properties of interest to us:

(a) The hypotheses, and, hence, conclusions, of
Carathéodory’s local theorem, hold for all forms in this
class.

(b) There exists a quantity 6, called the empirical
temperature, expressible as a function of E, Vy, - -+, Vi,
ie., 6=f(E,Vy,---,V,), such that the rank of the
matrix

(a f/0E af/oV, ) f/aV,,) w2

E Vi . V.
15 two.
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(c) From any two forms in the class

N!
dE'+ ¥ X4V,

i=1

(4.3)

Nll
) dE”+ Z Xj"de”,

=1

(4.4)

we may construct a third form

Ne N
CdE+ Y X{dVI+ X X,dv ),

=1 =1

(4.5)

where E=FE'+E", and the quantities

El) E”; V‘f,v Vf,’y 1= 17 T Aﬂ; ]= 1, ] N
are related by
’O(E’) Vl’; o :VN',) = Ilo(E”:Vl’,; e )VN"”>: (46)

where the left- and right-hand sides of (4.6) are func-
tions which give the empirical temperatures for (4.3)
and (4.4), respectively. The empirical temperature of
(4.5) must then also be equal to either side of (4.6).
(The physical idea involved here is, of course, the
formation of a system by putting two given systems
into thermal contact with each other.)

E is called the internal energy, Vi, ---, V, the
deformation coordinates, and X,, ---, X, are called
forces. A value of E, V4, ---, V, is called a state. The
condition on the rank of the matrix (4.2) insures that
there is a path through each state along which (4.1)
vanishes, but 6 is not constant and vice versa. [ Physi-
cally this means that an isothermal process through a
given state need not coincide with a quasistatic adia-
batic process, -which is a curve along which (4.1)
vanishes. | Also the rank condition on (4.2) ensures
that E' and E” are determined by V¢, -+, Va//, 8 and
VY, -+, Vn'", 8, respectively, and, hence, because of
(C)r by E; Vl',y Ty V.

From these considerations, (a), and Carathéodory’s
local theorem, we see that for some neighborhood of a
given state of the system (4.5) there exist state functions
X and & such that (4.5) becomes Ad3. But this given
state of (4.5) determines states of (4.3) and (4.4), for
some neighborhoods of which (4.3) and (4.4) become
Ndo' and N'de"”, respectively. Thus for some neighbor-
hood of a given state of (4.5), we have

Ne=Ndo'+N'ds". 4.7)

Now because of the condition on the rank of (4.2),
we may locally transform the independent variables of
(4.3) and (4.4) to say, ¢’, 0, y4/, ---, y»" and ¢”, 6, ¥5”,

B. BERNSTEIN

- -+, y5", all of which are independent. Thus (4.7) yields

do/da’=N'/\, 95/3c"'=\"/\, 8a/30=0, (4.8)
from which we get
A(N/N)/90=9(\"/\)/08=0,
which implies
3 1n)/36= 0 In\’/30= 3 In\""/36. (4.9)
But since A’ does not depend on ¢”’, y5”, - - -, yn+"" and

N’ does not depend on ¢’, ¥4/, - - -, yx', we get from (4.9)
8 1n\'/30=F(6) = In\'/ 6,

which yields relations of the form

N'=L(0) 'G(o"y3" - yn"),

N'=L() "G(a" vy, - -, yn").
But from (4.7) we get also

da/dys’ =0,
which, when combined with (4.8); and (4.8)s, yields
9 In\/dys'= 3 In\’/dys'= N’/ dys' =0,

the last equality following since A’ does not depend on
v3"'. Hence (4.10) becomes

)\"—‘L(ﬂ)G(ﬂ",}M’,' : ')yN”)-
By continuing this process we get
N=L(®) 'G(s’), N'=L(6)"G(s"),

and hence

(4.10)
(4.11)

. Ndo'=L(8)d f 'G(o")do",

N'do" = L(0)d f "G(o")da".

Thus [L(8) ] is a possible integrating factor for both
(4.3) and (4.4). Since the ratio of two integrating factors
of (4.5) must be a function of ¢/, L(8) is determined to
within a multiplicative constant.

Now since L(6) is known as a point function, once we
specify the multiplicative constant, then we see that
L(8) is a global integrating factor, not only for the
forms (4.3) and (4.4), but for all simple systems. The
local considerations have gone out in the wash. When
the constant is properly fixed, L(6) is called the absolute
temperature, and [L(6)]™! multiplied by (4.1) yields
an exact differential expression for the entropy, which
is globally determined.
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For any given azimuth-independent scattering law, it is shown that the neutron transport equation with
external source is rigorously equivalent to a coupled system of Fredholm integral equations. These are
derived both for vacuum and periodic boundary conditions. A numerical integration scheme is given for
solving these integral equations with no angular truncation error, thereby permitting the solution of the
Boltzmann equation numerically, with no error but that in the spatial integration. All cross sections are
permitted to be arbitrarily given functions of position, if desired.

I. INTRODUCTION

N recent years, numerous methods have been pro-
posed for the numerical integration of the neutron
transport equation. Among these, the most successful
have probably been the .S, method of Carlson,! the D,
(discrete ordinate) method of Wick-Chandrasekhar,*—*
and the P, (spherical harmonics) method.? In each of
these, one first approximates the many-velocity
Boltzmann equation by a sequence of coupled one-
velocity equations, thereby reducing the problem to
that of integrating the one-velocity equation with
given source. The next step is to approximate the
angular flux ¢(#,w) in some manner, whose accuracy
is indicated by the subscript #.

Thus in the S. method, one assumes that the flux
is, for each x, sectionally linear in w, with # sections.
In the D, method, ¥ (x,w) is approximated by an inter-
polating polynomial over the full range —1<w=1 of
degree #. Finally, the P, is equivalent to the D, method
from the point of view of the angle approximation.t
The effect of these approximations is, in each case, to
permit the angle integration appearing in the transport
equation [ (1), infra] to be done, and thereby to reduce
that equation to a system of coupled linear ordinary
differential equations in the space variable z, only,
which are then integrated numerically.

The method presented in this paper also deals with
the one-velocity transport equation, and therefore, as
regards the energy approximation, it is heir to all the
ills which beset the procedures mentioned in the
foregoing.

The only angle approximation we make in the one-
velocity equation, however, is that the spherical
harmonics expansion of the scattering kernel is per-

* This work performed under the auspices of the U. S. Atomic
Energy Commission.

1B. Carlson, “A solution of the transport equation by S,
approximations,” LA 1891 (1955).

2 G. C. Wick, Z. Physik, 121, 702 (1943).

3S. Chandrasekhar, Radiative Tramsfer (Oxford University
Press, New York, 1950).

4 H, S. Wilf, Nuclear Sci. and Eng. 5, § (1959).

5B. Davison, Neutron Transport Theory (Oxford University
Press, New York, 1957).

¢ G. Goertzel, Nuclear Sci. and Eng. 4, 581 (1958).

mitted to contain only finitely many harmonics.
Subject only to this approximation, we will integrate
numerically a system of integral equations which is
rigorously equivalent to the transport equation. To
put it otherwise, we will obtain the exact solution of
an approximate problem in which the true scattering
materials are replaced by fictitious ones whose scat-
tering laws are not ‘“too anisotropic.”

This idea has already been used by several authors
for purposes other than numerically integrating the
transport equation. Thus it appears already in Bethe,
Tonks, and Hurwicz,” and was used by Hurwitz and
Zweifel.5® The latter authors assumed a sinusoidal
source in the many velocity equation, truncated the
scattering kernel as we do below, and reduced the
problem, for an infinite medium, to a system of integral
equations in the lethargy. Our procedure is therefore
more special, in that energy variation is not allowed,
but more general in that finite, stratified media are
considered along with arbitrary angle and position
variation of the source.

The numerical method chosen for solving the integral
equations below is, in essence, the well-known method
of multiple collisions, together with a numerical inte-
gration scheme explicitly devised for the purpose of
dealing with singularities in the kernels of the equations.
The multiple collision method, while always convergent
for subcritical systems, may be only slowly convergent
for nearly critical assemblies. As a result of experience
gained with this method in a slightly simpler context
(see footnote reference 4, p. 308), it seems fair to assert
that in most cases arising in practice, even in deep
penetration problems, convergence will be sufficiently
rapid to permit the method to be used. This favorable
state of affairs apparently results from the fact that
each one-velocity problem being solved, usually repre-
sents ix itself a strongly subcritical system even though,
considered as a many-velocity entity, the reactor may
be nearly critical.

7 H) A. Bethe, L. Tonks, and H. Hurwitz, Jr., Phys. Rev. 80, 11
(1950).

8 H. Hurwitz and P. Zweifel, J. Appl. Phys. 25, 1241 (1954).

9 H. Hurwitz and P. Zweifel, J. Appl. Phys. 26, 923 (1955).
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II. THE PROBLEM

The transport equation is

W (x,w)

e u(a (5)
- f K (00 W50 +s(x), (1)

where the symbols are w cosine of angle with positive
% axis; ¥ x coordinate; ¥ (x,w) flux density of neutrons
at position z, traveling in direction w; u(x) total cross
section; K (x,w,0") scattering kernel ; and s(x,w) external
source density.

If the scattering is azimuth-independent we can
always write

K(x,w,w’)=§_:0 bu(x) Pu() Pe). )

We assume that data concerning the &;(x) are unknown,
unreliable, or rigorously absent beyond /=L, so that

K(zww')= l‘é bi(x) Pi(w) Py(e'). 3)

It should be noted, at this point, that (3) is no
assumption about the angular flux, and that con-
ventional methods, say the P, method, do not give
exact solutions for any finite n, even if L=0 (isotropic
scattering).

For boundary conditions we adopt either of the sets

{(a) Y(z,w)=0 x=0; >0
(b) ¥(xw)=0 x=4;w<0
Y(0,w)=¢(4w) cell ©)

III. SUMMARY OF ANALYSIS

}vacuum. )]

In the following sections we shall show that Egs. (1),
(3), and (4) are rigorously equivalent to

L A
ful)=3% f bi@)Qu (| 7(w,2) ) i)+ (a),
=0 0
(s=0,1,---) (6)

where | I
K (] r(x,x")]) I+seven
. &) 1)= 7
Cullr(ma)l) lsgn(x—x’)Kz.(lf(x,x’)l) I+s odd( )
X 1
Kul)= [ m@)[—wm]m(w)dw ®)
)= [ e ©)

1
fix)= | P} (xw)dw (10)
-1
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pu(2) =3 f 0ullr@a) nl@)ds’ (1)
1=0J,

s(250) =é si(®) Pi(w). (12)

The salient feature of the system of integral equa-
tions (6) is that they are coupled only for s=0, 1, - -,
L, while for s> L, they simply give f.(x) as a quad-
rature of fo(x), +--, fu(x). Because of this, one need
only solve the first L+1 of these equations in order to
know the total flux fo(x) and current fi(x) exactly. A
numerical procedure for solving the system is given in
Sec. VIII.

It is also remarkable that for the cell boundary

conditions (5) Egs. (6), (7), (9), (10), (11), and (12)

are unchanged, with (8) changing to

1 1
Kit0= [ P:(w)[—

e"""]P,(w)dw, (8)

w1—e ol

where

A
ro=1(4,0)= f w(x)dx (13)

is the thickness of the cell, in mean free paths. This
simple change means that a computer code can easily
have a built-in option for the boundary conditions
desired.

IV. DERIVATION FOR VACUUM BOUNDARY
CONDITIONS

By substituting (3) and (10) into (1),
ay L
w—tup=73 b:i(x) Pr(w) fi(x)+5(x,0)
ox 1=0
{ * u(x") ,}
=w exXp] — —dx
w

0

9 *ula)
ch{\l/(x,w) exp[j; , dx ] } (14)
Thus

;;[:l/(x,w) exp[fz H(:,)dx’] }
=E exp[j‘z #(xl)dx']

x ’ > bx(x)Pz(w)fz(x)+S(x,w)]- (15)
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Suppose w>0. On integrating (15) from 0 to x, and
using (4) (a), and (9),

V() = f | eXP[—T(x’x )]

X{ é bi(2") Py(w) fi(x") +s(x" ) Idx’ (w>0). (16)

If w<0, integrate (15) from x to 4, use (4) (b) and
(9), getting

A

Y(xw)= _1 f exp[_f(x,x )]

z

X{I}L: bi(x") Py(w) fi(x") +5(x 0s) }dx’ (w<0). (17)
By analogy with (10), define

@)= f Pyl (ww)deo (18)

fl_(x)=f Pilw)y(xw)dw. (19)

Upon multiplying (16) by P,(w)dw and integrating over
(o,1],

)= [ £ u5)
X[fllexp
+f j; —exp[

By multiplying (17) by P,(w)dw and integrating over
I:— 1: 0];

7(x2")

w

‘ Piw)P, (w)]dwdx'

7(x,x’)

}P3 (w)s(a' w)dwdx'.  (20)

4 L
fi(x)= Eo bi(«) fi(x")
01 7(x,2")
X[—J: —expl - }Pl(w)P,,(w)dw]dx'
(x,x)

P(w)s(x'w)dwds'. (21)

+f f——exp{

In (21), 2'>=x, thus 7(x2)<0 and —7(x2’)
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=|7(x,2")|. Hence in (21) we may write

0 1 T(X, 4
[ Z |- @) |Piar P
0 1 T ”
=_.f ——€exp —‘ (xx)lle(—w)Ps(—w)d(—“’)

=(— 1)‘“]: 1 exp{ — || }P;(w)Ps(w)dw. (22)

w w

Let us define, for t>0, Ki,(¢) by (8). By using (12)
we obtain (20) and (21) in the form

fiH @)= f 2, b [ K | () | N

+ i 51 (%) Ko (| 7(2,57) )

p 1=0

(23)

4 1

J7@= T @A (- DKo !

Aon

+ Eos;(x')(—l)'*“Kz,(lr(x,x’)l)dx,’ (24)

x

whence the final result (6) follows by addition of (23)
and (24).

V. KERNELS K.,.(f)

Suppose numbers a;, are defined by

1
Pl(w)= Z apw™;

n=0

a=0 (n>1). (25)
Then, if I= 5,

1 1
Pyw)P,(w)=2" aimw™ 2 apme™
n=0) me=0

21
= Z ﬁnlswn,
n={
where
Bnls Z @05, n—j.
a=0
Hence
21 1 21 ® oty
Kls(t)=z ﬁnlsf wn—le—t/wd‘ozz 6nlsf _—'dy,
n=0 0 ne=0 1oy nl
or
21
Kls (t) = Z ﬂnlen+1 (t) =K!l(t)' (26)
n=0
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Thus each K (f) is a linear combination of E. Now in (29), set x= A4, and solve for ¢ (0,0), using (5),
functions. The first few are
Y (0,0) =¢(4,w)

— A ' "
KOO_El(t) =w_1{e’°/f"—1}_lf exp[f /"'(x )dx”]
Kiwv=Kon=Ex(t) 0 0 w
Ku=E;(t) L 27 L
Kon=Kso=3E:()—2E:() x{¥ bz(x')Pz(w)fl(x')+S(x',w)]dx'- (31)
1=0
Kiw=Ku=3Et)—3E:(%)
K= (9/4) Ex() —3E;()+1E, () - On putting (31) into (29), (30)
From the recurrence formula = y(a)da'
V) o] [ |
(r+1)Pr1(w)+7Pr1(w)= 2r+ DwP.(w), o @
A z’ u(x")dx"
we find 1 _ ~1{e7o/w_1}-1f exp[f RERGN
0 0 w

1
(l+1)Kl+1_x+lK;_1,s=f (241w Pi(w)—et*P,(w)dw
@

0

. 1 X{ }E bi(x") Pr(w) f1(x")+5(x" ) }dx'
=(2H—l)f Py(w)—et1wP,(w)dw, e

1 z ) p(x")dx”
from which == f exp{f __“}
w vy 0 w
+1 - | /4 X L
1,7 i-1,s X b (x’)P (w) (x/)+s(xr,w) }dx’ (32)
21+1 21+1 o {EO 1) Pi(w) fr
s s
= ——Kit—Kiper. (28) 2
254-1 2s+1 A * u(x')dx"!
e’“’”[m“{e"’/“’—l}“‘f exp(f ——)
VI. DERIVATION FOR CELL BOUNDARY 0 0 w
CONDITIONS
L
With the boundary conditions (5) were turn again to XA X bi(a")Pi(w) fr(x))+s (2’ ,w) ldx']
(15), and for w>0 we integrate from O to x, getting 1=0
= u(xdy'
? u(x) _ { f a
e exp[ f - dx']—wo,w) Vixe) expy | —
- 2l 1 p4 < u(x'dx"
=1f eXpU' e )dx,,] =_f exp{f }
w Yo o w WV 0 w
L L ’ 7 '
X{ Z b;(x’)Pz(w)f;(x')+s(x’,w) }dx’. (29) X EO bl(x )f;(x )Pl(w)+s(x',w) }dx . (33)
| 1=0

The result now follows from solving Egs. (32) and
(33) for ¢¥(x,w), and treating the resulting equations
A (o) s (o) exactly as Egs. (_16) .and (17) were dealt with previously.
V(A w) exp[ f ]_ U(x0) exp[ lx’] The final result is given by Eq. (8)".

1] w

w 0

For w<0 we integrate from x to 4, and get

. ¢ (e VIL. KERNELS Ki*(f)

A
= f exp[ ——dx"] The additional factor [1—exp— (7o/w)]! in the
WYy 0 w definition of K;*(#) is readily understood physically
as the sum of a geometric series, each term of which

X [ ZL: bi(x') Py(w) fu(a) +s (o w) ) dx'. (30) represents the interaction between the nth cell and the
1= given cell.
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Thus we write

1 1 1
Kzs*(l)=f P;(w)[— ———-—-e"”“:lPs(w)dw
0 w 1—egmole

© 1 1 t+7’7’0
=3 Pilw)— exp[ - }Ps (w)dw
r=0 o w [6)
=% Ku(t+rm). (34)
r=0

To see how rapidly this series converges, remembering
that K, is a linear combination of E, functions, consider

H.()=Y E(t+rr)) (n21). (35)

Now when its argument is large,

e——(H—r‘ro)

E.(t+rrp)~—i,
t+rrotn

so that (34) converges, ultimately, faster than a geo-
metric series. For thick cells (weak interaction) a few
terms suffice, while for thin cells many terms may be
needed for sufficient accuracy.

VIII. NUMERICAL PROCEDURE

The numerical method adopted for the solution of
the Fredholm system (6) is the development of the
Neumann series, otherwise known as the method of
multiple collisions. This choice was motivated primarily
by considerations of programming simplicity.

On taking any initial guess

fS(O) (x) (S=O) 1; T L): (35)

which may be zero if no better information is available,
we calculate recursively

=3 f bi()0u(| (2, 2) ) o (o)
" 4p® (=01, .-+, L).

The well-known theory of Fredholm equations assures
us that

(36)

limfs(r)(x)zfs(x) (S=O, 17 "'7L)7

r—% '

(37

where f,(x) satisfies (6), convergence being guaranteed
whenever the reactor (considered as a one-velocity
configuration) is subcritical. The iterative process (35)-
(36) may therefore be continued until successive
iterates agree sufficiently well, and the entire pro-
cedure has now been reduced to the question of the
means of carrying out the numerical quadrature indi-
cated in (36).

OF THE TRANSPORT EQUATION
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Naturally, this could be done by any standard
method, but special steps would need to be taken, for
the point x'=x, since at that point, reference to (27)
shows that many of the kernels are singular. Because
of this, it has seemed more appropriate to devise a
quadrature formula which takes explicitly into account
the form of the kernel functions.

To do this let g(x) denote the straight line passing

through (%s,8x), (¥ny1,8n41),
g(x)=gnt (x—%0/h) (gnt1—gn).

Now if &’ is in the interval (¥n,%.41), we have

(38)

T(x,x’)=f u(x”)dx"=f u(x”)dx"-{-f y(x")dx”
z’ zn

xl
= (xn'—x,)ﬂ-n+%+ T(xyxn),
where pny is the (now assumed constant) value of u(x)
on the mesh interval (x;,%n41).
Suppose = 5, then
[7(20") | = (' = @ )ns 4+ 7 (%n,).
If also I+s is even,

f g(x")Qus(| T(2,x") | )da'

In

- "ﬂg(x'){ f 1 Pz(w)Ps(w)i

n

- T(xmx) - (x,— x)ﬂ'n+‘}
x exp[ ]dw }dx’

1 1 — T\ Xn, n+4bn
_ f Pu(w)Ps(w)- exp[ Guate +'x]

w

Tnt1 fnp x|
X f g(x) exp[— ]dx'dw. (39)

w

w

But from (38) we find easily

}dx'

Yalni-} co—1+en
o

z
nt 3l

ZTnt1 m
f g(a") exp[ -
2, w

n

2

w oy
1—eon(140n)
+gn+1[———2——-] l, (40)
ox

where we have written

O'n:hﬂn+%/w~ (41)
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By collecting these results, we get finally

[ s@0ulintaz)as

=0nm§ (xn) +.8nmg (xn+1): (42)
where . .
Q= f Pir(w)P(w)w eXxp— (Tom/w)
Mpary® Vo
1 l X[on— 14 ]dw
ﬁnmz f Pl(w)P, (w)w exXp— (Tnm/w)
hpars® Yo
X[1—e*(140,)Jde
Tam= 'T(xn!xM)'
In terms of the numbers
1
Yam= f Py(w)Py(w) exp— ( [7an) )dw (43)
0 w
Ir

Sam= j; 1P;(w)Ps(w)wexp-—( :"‘l)dw, (44)

we have
1
anm=_‘_—'ynm+ (5w{-1,m'_5nm) xm—s-xn (45)
Hnti T
. I+s .
5nm= - 'Yn+1,mJ| (6nm—6n+l,m) cven. (46)
Mntld Moty
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The corresponding results for other cases are

1 1
Unm=——""Ynm+ (6n+1,m_5nm)1 XmZ Xnt1 <47)
Bonty Bnty
1 r 145 odd
Bam= Yotlmt (6nm—5n+1,m) or even (48)
Mnil Mn+3 J
1 1 )
QApm = — Yum— (6n+1,m_ 6"7") XmSXn <49)
Bt hpnis?
1 > I+s
Bnm=_7n+l,m_ (6n+1,m—6nm) odd. (50)
Mntd h“n-*—%z J

Thus in all cases the integration coefficients of (42)
may be easily obtained from the 7 m, 6nm Of (43)-(44).

These, in turn, are linear combinations of E, func-
tions of the matrix elements 7., and may therefore be
precomputed.

A program embodying the methods given in this
paper is now in preparation at the Argonne National
Laboratory, and a report on the results obtained with
it will be made at a future date.



JOURNAL OF MATHEMATICAL PHYVSICS

VOLUME 1, NUMBER 3 MAY-JUNE, 1960

Double Commutator in Quantum Field Theory*
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A representation is obtained for the most general function with the properties of the double commutator,
including nonzero mass thresholds but not the Jacobi identities. The thresholds are proved to satisfy tri-
angular inequalities (without using any more information) which are always true physically. The problem of
incorporating a discrete level at the mass of a stable particle is not solved.

N a previous paper' we have obtained an integral

representation for the double commutator D(x,y)
=(01[A4 (21),[B(x2),C () ]]10), where =11 -2, y=12
—ux3, and A4, B, C are local fields. More exactly, the
following theorem was proved:

Suppose D(x,y) has the properties (1), (2), (3),
(4): (1) D(x,y) is_Lorentz invariant; (2) D(x,y)
=D(—=x, —¥); (3) D(p,9)=0, unless p, g are timelike
or p, p—gq timelike; (4) D(x,y)=0, if 3*<0; Then
D(x,y) has the representation

D)= [ 60— (003 B
)
X Ag(x, z4+y; st N)A(y; k)dsdid\dk  (5)
for at least one ¢. In (5)

Az(:\:,y y S,l,)\)
- f e ireians (42— 5)5(p- g— M) (g — e po)d*piy.

The form (5) also has the additional property?

D(x,y)=0, if x and x+y are space-like. (6)

Equation (6) therefore follows from (1)-(4), a result
found by Symanzik? which is closely connected with
analytic completion. The functions ABC, ACB, ---,
which make up D have some analytic properties,!
which follow from (1), (2), (3), (4), leading to a result
like (6).

Now we are interested in putting more information
into the condition (3), namely, the knowledge of the
thresholds of the mass spectra. Of the terms in the
double commutator, ABC and CBA are zero unless
P> m, ¢ > met,and ACB, BCA are zerounless p*2> m,?,
(p—q)*2ms2. We have given m; and m,’ different sym-
bols, but later we prove that they must be the same.

* Part of work submitted for the Ph.D. degree at the University
of London. :

1R, F. Streater, “Special methods of analytic completion in
field theory,” Proc. Roy. Soc. (London) (to be published).

2 R. F. Streater, thesis, London 1959 (unpublished); “Some
:i(l;te6g6al representations in field theory,” Nuovo cimento 15, 937
(1960).

3 K. Symanzik (private communication).

The masses are defined as

m2=miny? such that (0|4 |v)(v|BC|0)=£0 (7)
my?=miny? such that (0|4 |y)}y|CB|{0)>0 (8)
mP=miny? such that (0|4AB|y){y|C|0)>=£0 (9)
m?=miny? such that (0|AC|y){(v|B|0)>%0. (10)

Ii A, B, and C are fields of particles, there will perhaps
be discrete levels at these masses, the spectrum being
zero again until the threshold of the continuum. We
cannot deal with this property simply, and so ignore it.
If 4, B, C are local currents there is no discrete level.
It is an interesting question whether derivability from
a field places any restriction on the current. We take
A, B, C to be local currents, and so replace (3) by

f?mlza 9227”32’ or
pP2m”, (p—q)2ms

D(p,9)=0 unless 1)

D(p,9)#0

in this spectrum.

It is conceivable that the properties (1), (2), (4),
and (11) already imply that D(p,q) vanishes in a region
larger than (12). We shall show that (12) is inconsistent
with (1), (2), (4), and (11) unless

mi=m,’

(12)

(13)
(14)
Similarly, by using another commutator [C[4,B]] we

could prove
m1<M2+M3. (15)

This result is connected with a type of theorem first
proved by Dyson,* namely, that it is not possible to
construct functions with arbitrary support and spectra.

Equations (13), (14), and (15) can be shown easily
using some further properties usually ascribed to the
fields and Hilbert space, but then it is not obvious
exactly what information is being used. For example, if
(v1]|AC|0)5£0, then (y:|CA|0)»0; any |v) occurring
in (7) also occurs in (8), and vice versa. This proves
(13). To prove (15) note that if |v2) and |ys) are such
that (0|B|y2)0 and (0|C|vs)#0, then they also
satisfy (0] AC|v2)%0 and (0| AB|vy3)#0 (given that

maSmytmy; mz<mitme.

4T, J. Dyson, Phys. Rev. 110, 1460 (1958),
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ABC is not identically zero). Then the state |vys,ys)
has the same quantum numbers as 4. By |yzvs) we
mean the state obtained by adding the particles in
state |y2) to those in |vs): [v2,vs)=[v2) A |7s).5 These
particles can form a state with y; and s parallel to
each other. We can also find a state |vs) such that
v2=ms?, and a state |ys) such that y=ms?, in which
case |vs,vs) has mass mq+m; and satisfies (0|4 |ya,vs)
#0. Hence |7y2,v3) is a state |v) occurring in (7), and
so m1< ma+ms. Similarly, the other inequalities (14)
can be proved. This argument has been given to show
the physical meaning of (13), (14) and (15); a mathe-
matical proof is given below.

If A, B, and C are fields, the inequalities (14) and
(15) do not imply that they must describe stable par-
ticles ; 1, ma, and m; are not necessarily the “masses”
of the fields 4, B, and C. This is because the lowest
state connected to the field need not be a one-particle
state (and cannot be if the field describes an unstable
particle). The inequalities (14) will be needed below
in the method adopted to include the mass-spectrum
(11) into the representation (5). It is therefore of interest
that (13), (14) follow from (1), (2), (4), (11), and (12)
without using the arguments about Hilbert space.

Proof of (13)

Consider 8(po)D(p,q). This is zero unless p*> m.? and
@2 mi, >0, or p*2mi"%, (p—q)*2m2’, po>qo, and so
may be decomposed (nonuniquely) into two functions
(ABC)ay(p,9)— (ACB)ay(p,9) such that

(ABC)w(p,9)=0, unless p22me, ¢*Zmg; po, ¢o>0.
(ACB).v($,9)=0, unless p*2mi% (p—q)*2m2’;

20, po—qo>0
and

f (ABC)uy(prg)e0dgt= f (ACBuy(pg)eisvdgt

if ¥*<0 (16)
by using (4).

Then if p?<max(ms?m1'?), one or other side of (16)
is identically zero as a function of y. For a given p,
ABC(p,y) is regular in the backward tube Imy<0, and
ACB(p,y) is regular in the forward tube Imy>0, as is
seen by examining their spectra in ¢. But by (16) they
are equal when »?<0. Using the “Edge of the Wedge”
theorem® they continue one another and are regular for
the points y2<0. If either side of (16) is zero for 42<0
it must be zero everywhere, and so must the other side.
So both sides are zero unless $*2 max(m.?,m,?) and in
order to avoid a contradiction with (12) we must have
my=my'.

5 W. Brennig and R. Haag, Fortschr. Physik 7, 183 (1959).

S H. J. Bremmerman, R. Oehme, and J. G. Taylor, Phys. Rev.
109, 2178 (1958).

STREATER

To prove (14) we apply Dyson’s lemma! to the
function f(p,q)=0(po)D. Because of (4), f has the
representation

f(P:Q)zf¢'(P;u,k)5((q—“)i—kz)f(Q““)dek?, (17)

where ¢(p,u,k)=0, unless p>0, and unless the hyper-
bola in ¢ space for fixed (u,k) given by

(g—wp=# (18
lies entirely in the spectrum of f(p,g). The hyperbola
(18) has two branches, one with go— « and the other
with go— — . The first branch must lie entirely in
$, ¢>0 and the second entirely in p, p—g>0 (the sign
>0 means “lies in the forward light cone”). Now
g= (g—u)+u, and to be >0 for all g—u on the positive
branch of (18) we must have #>0. Since ¢*= (¢g—u)®
+2u- (g—u)+u?, we have

¢ B4 2k ()t (19)
(¢ on the positive branch). Equality can be obtained -
in (19) for some ¢ of (18). So if the positive branch of
(18) is to lie in the set ¢?2m3?, go>0 for all g, we must
have
B2k (u?) 12 > mit. (20)
We also require that the negative branch of (18)
should lie in the set (p—¢)?2m?, po>go. Now p—gq
= (p—u)— (g—u), and is forward timelike for all ¢—u
on the negative branch of (18) only if p—#>0. Then

using (p—q)*= (p—u)*—2(p—u)- (g—w)+%, we get
(p—9)*2 (p—w)*+ 2k (p—uw)* JH4-F* (21)

(g on the negative branch) equality in (21) holding for
some points of (18). Thus to ensure (p—gq)?2> ms* we
require

(p— )+ 2k (p—u) T +-E 2 m. (22)

If we solve (20) and (22) for k, we get
k2 my— [} (23)
k2 ma—[(p—u)* ]t (24)

Therefore we have shown that ¢ in (17) can be chosen
zero unless >0, >0, p—u>0 and %2 max{0;
ms—[ 4 ]}; ma—[ (p—u)?1}. Because of (19) and (21),
the spectrum will be Zoo small unless both the extrema
of & (m3—[#*]} and me—[(p—u)*]?), are attained for
some #. Thus the condition that f(p,g) is nonzero
when ¢2=ms? and (p— ¢)>=m4? imposes the inequalities

my— [ 112 mo—[ (p—u)*]t (25)
for some % such that p>#>0,
ma—[ (p—u)* P2 my— 2]t (26)

for some % such that p>%>0.
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The best case of (25) is when #=0, and of (26) is
u=p, giving
ms 2 me—[p* ]}
my 2 my—[p* 1.

If p2=m? is a value of p, where f(p,g) 0, we get the
inequalities (14). To sum up, causality imposes tri-
angular inequalities on the thresholds of the spectra
of three fields if their product has nonzero expectation
value.

If we impose Lorentz invariance on (17), we see that
¢(u,p,k) can be chosen as a Lorentz invariant function
zero, unless #, p—u>0 and p*2my2. In general this
has the form

sp )= [ YlsiA; Ds—5)s(u(p—)~)
vo

X8((p—u)2—1)0(mo)dsdtd\. (27)
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Since p*= (p—u)®+u?+2u- (p—u), a ¢ can be chosen
zero if A<§(m?—s—1). Finally, by using (2), we get
for the double commutator the representation (5), with
the limits of integration

5, 1>0
A2 max([st]}; §(m—s—1))

k2 max(0; me—1; my—s).

(28)

The author has proposed? integral representations for
triple commutators, without the proof that they give
the most general function. In the same way as in the
present paper it is possible to incorporate the mass-
spectrum provided certain inequalities are satisfied by
the thresholds. It is worth noting that all these in-
equalities are satisfied in practice.
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Some theorems are obtained on the existence of certain determinantal equations whose roots are sepa-
rately the real or imaginary parts of the characteristic roots of a given matrix with simple elementary
divisors. When the elementary divisors are not simple, similar, but somewhat less precise, results are obtained.

HE purpose of this paper is to generalize some
previously known theorems on the real parts of
the characteristic roots of a finite real matrix (cf.
footnote references 2 and 5), to refine their proofs by
presenting them from a unified point of view, and to
show that the same methods yield similar results con-
cerning the imaginary parts of the roots. Also, analogous
results for complex matrices are indicated.
In the sequel we use the following notation: If X is a
matrix, X is the conjugate complex of X, X’ is the
transpose of X, and X*=X".

THEOREM 1

Given any (not necessarily real) malrix A of order n
with simple elementary divisors and with characteristic
70015, @y, -« -, an. Then it is always possible to find a posi-
tive definite Hermitian maitrix G (of order n) such that the
roots Ay, -+, Nn of the equation det(eGA+GA*G—2\G)
=0 are the real parts of oay, - - -, can, Where o is any com-
plex number and G is its conjugate complex. Moreover, if A
is real, G may be chosen so as to be real also. In any case,
G is independent of o.

Proof

Since the matrix 4 is similar to a diagonal matrix, we
have
S14S=diagonal (ay,::-,an)

for some suitably chosen nonsingular matrix S. Hence

S-l¢AS=diagonal (cay,- -+ ,oan),
S*¢A*S*'=diagonal (¢&,- - -,6d.).

Hence 1(S'cAS+S5*34*S*1) has as characteristic
roots the real parts of the oe;. This latter matrix is equal
to

3S5*(0S* 1S4 SS*+ 54 %) 5%,

which is similar to(cGAG 144 *), if we put SS*=G-..
But the statement that $(cGAG+&A4*) has the real
parts of the ca; as its characteristic roots is equivalent
to the statement to be proved about the roots of the
above-mentioned determinantal equation in A. The fact

that G=S*15"! is positive definite, Hermitian, and
independent of o is obvious. To show that G can be
chosen to be real when A is real, we observe that S has
as its columns the characteristic vectors of A. These
characteristic vectors can be chosen real for real charac-
teristic roots and conjugate complex for a pair of conju-
gate complex roots. It follows that S=SE where E is a
permutation matrix which is a direct sum of a unit
matrix and matrices of the form

(i o)
1 o/
Hence E is symmetric. We then have S*=ES’. Hence

SS*=SES'=8$" and (SS*)'=S8'=SS*. Since G !
=S58* is Hermitian and symmetric, it must be real.!

Corollary 1.1

Given any real matrix A with simple elementary divisors,
it is always possible to find a positive definite symmetric
matrix G (of the same order as A) such that the roots
Ay, © -+, A of the equation det(B—2NG)=0, where B=GA
+A’G, are the real parts of the characteristic roots of A.

This is deduced immediately from Theorem 1 by
taking o=1.

This result was first stated and proved by Lewis? with
the unnecessary restriction that 4 be nonsingular. The
proof there given was based on concepts of tensor
analysis instead of the purely matrix methods of the
present paper.

Corollary 1.2

The positive definite symmetric mairix G of Corollary
1.1 may be chosen so as not only to satisfy the conditions
of that corollary but so that simultaneously the roots of the
equation det(C—2NG)=0, where C=GA—A'G, are the

1 An alternative proof would have been to replace every pair of
complex conjugate elements in diagonal (ai,---,as) by the real
matrix

Ra Ia

—Ia Ral’
2D. C. Lewis, Am, J. Math. 73, 48 (1951).
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tmaginary parts, multiplied by \/—1, of the character-
istic roots of A.

This is deduced from Theorem 1 by taking e=+/—1,
with emphasis on the fact that the G of Theorem 1 is
independent of ¢.

Corollary 1.3

The matrix B of Corollary 1.1 has the same signature as
the real parts of the characteristic roots of A.

This follows from the fact that the signature of the
roots of det(B—2\G)=0 is the same as the signature of
the characteristic roots of BG™, which latter matrix is
similar to G-3BG™}, which has the same signature as B.

Remark

Corollary 1.1 (and hence Theorem 1) ceases to be
true if the hypothesis about the simple elementary
divisors is omitted. As an example take

(o 1)
()

which is the most general symmetric matrix of order two,
we find that

If

2a a+2b
B=GA-|-A’G=( )

a+2b 26+2

We now find easily enough that det(GA+A4'G—2)\G)=0
has a root A=1 if and only if

0 a
a 2b

=0, or a=0.

Hence G cannot be positive definite, as required by the
Corollary.

We are, however, able to state the following theorem
in which A4 is not required to have simple elementary
divisors.

THEOREM 2

Given any (not necessarily real) matrix A of order n
with characteristic roots, ay, - -+, an. Given also a positive
number e. Then it is always possible to find a positive
definite Hermitian matrix G (of order n) such thit the
ro0is N1, * -, An of the equation det(eGA+GA*G—2\G)
=0 are real and differ from the real paris of oay, * -, gan
by not more than |o|e, where o is any complex number.
Moreover, if A is real, G may be chosen so as to be real also.
In any case, G, though dependent on A and ¢, is inde-
pendent of o,
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The proof is a modification of the proof of Theorem 1.
Let .S be a matrix which transforms 4 into a modified
Jordan canonical form J.:

S-4S=1J,,

where J. consists of a diagonal containing the charac-
teristic roots of 4 and a superdiagonal containing 0’s
and ¢’s. All other elements of J, are 0. As in Theorem
1, if we set G=(SS*)! we find that the matrix
3(GeAG+A4*) is similar to a Hermitian matrix K
whose elements are all 0, except for the diagonal, which
contains the real parts of the numbers gay, - -, oas,
and for some of the elements in the super- and sub-
diagonal which are equal to o¢/2 and &e/2, respectively.
Since K splits up into blocks with equal elements on the
diagonal, it follows that any characteristic root of K
must differ from some one of the real parts of the
numbers oay, * - -, 6a, by a quantity x which satisfies the
equation

x o¢/2 O 0 .
de/2 x  a¢/2 0O R
0 é&e¢/2 x  oe/2 S

?

where the determinant on the left contains a suitable
number of rows. It can be proved that |x| < |e]|e. This
follows from the Gersgorin-Brauer theorem.?

Furthermore, if 4 is real, S can be chosen so that SS*
is real. This follows in a way analogous to the corre-
sponding part of the proof of Theorem 1, only here the
matrix is built up from the so-called “principal vectors”
which correspond to the characteristic roots. These have
been studied by Wielandt.

Corollary 2.1

Given any real matrix A and a positive number e, it is
always possible to find a positive definite symmetric matrix
G such that the rools Ny, - + - A, of the equation det(B—2\G)
=0, where B=GA+A’G, differ from the reil parts of the
characteristic roots of A by not more than e.

This follows from Theorem 2 by taking e=1.

Corollary 2.2

The positive definite symmetric matrix G of Corollary 2.1
may be chosen so as not only to satisfy the conditions of
that corollary but so that simultaneously the roots of the
equation det(C—2MG)=0, where C=GA—A'G, are pure
imaginary and differ from the imaginary parts, multi-
plied by \/— 1, of the characteristic roots of A by quan-
tities which in absolute value do not exceed e.

This is deduced from Theorem 2 by taking s=+/—1,
with emphasis on the fact that the G of Theorem 2 is
independent of ¢.

30. Taussky, Am, Math. Monthly 56, 672 (1949).
4R. Zurmithl, Matrizen (Springer—Verlag, Berlin, 1950), pp.
211-226.
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Corollary 2.3

If the real parts of the characteristic roots of A are all
different from zero, the matrix B of Corollary 2.1 has the
same signature as the real parts of the characteristic roots
of A, provided that e<minimum of the absolute value of the
real paris of the characteristic roots of A.

This follows from the fact that the signature of the
roots of det(B—2N\G)=0 is the same as the signature of
the characteristic roots of BG™., which latter matrix is
similar to G-BG—#, which has the same signature as B.

AND O. TAUSSKY

This theorem was first discovered by Bass.? If some
of the real parts of the characteristic roots are zero then
it is not always possible to find a positive definite G such
that AG+GA’ has the same signature as the real parts
of the roots of 4.

In all six corollaries we have restricted attention to
real matrices 4. But, of course, they can all be modified
to hold for complex matrices 4, if we are willing to
accept G as a Hermitian matrix instead of insisting that
it be real and symmetric.

#R. W. Bass, (to be published).
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The direct products of the physically significant, irreducible, unitary representations of the proper,
orthochronous inhomogeneous Lorentz group are reduced. It is shown that I'm;s:@T'mss; contains only irre-
ducible components of the form I'ms, and that T occurs with nonzero multiplicity only if J— (s,+s59) is
an integer. For such J’s the multiplicity of I's s for J >s14s2 is (2s141)(2s.+1) for each positive m.
T'mis:®0's2' contains only irreducible components of the form s, where J— (s;+s5) is an integer. The
multiplicity of such T'm, s for J >s1+s2 is (25,4-1) for each positive m. T's;“’®T's,{ contains irreducible
components of the form I';@ and I'ms, where s=|esi+es1|, e=sign (e514€55) and J— (s;+sy) is an
integer. The multiplicity of I'm, s is one for J > (s;-}s2) and for each positive 7. The multiplicity of I', is
infinite. The symmetrized squares are also analyzed. Numerous examples are given.

I. INTRODUCTION

HE famous Clebsch-Gordan rule for reducing
direct (or Kronecker) products of irreducible
representations of the three-dimensional rotation group
has proved extremely useful in the treatment of angular
momentum and in the theory of atomic spectra. Itnow
appears that some analogous rules for the reduction of
direct products of irreducible representations of the in-
homogeneous Lorentz groups would be useful in the
study of elementary particle physics. This article will
be devoted to the derivation of such rules for the
proper, orthochronous, inhomogeneous Lorentz group.!
Following are some examples of physical questions
which are answered by the subsequent group-theoretic
analysis®:

1. Given two relativistic particles of nonvanishing
rest masses m, and m,, and spins s; and s, what are the
possible values of the energy in the center of mass
frame (frame in which the total momentum 3 vector is
zero), and of the total angular momentum for each
such energy?

2. Ditto, in case one particle has zero mass and
helicity A, or both particles have zero mass and given
helicities, for those states in which a center of mass
frame exists.

3. In the exceptional case where no center of mass
frame exists, namely those states in which two zero
mass particles have parallel momenta, what are the
possible values of the helicity?

4. Which of the foregoing values become inaccessible
if the two particles are identical and satisfy either Bose-
Einstein or Fermi-Dirac statistics?

1 Some of the results to be derived here have already been ob-
tained for special cases by L. Michel, page 272 of the multigraphed
report, ‘“Congres international sur le rayonnement cosmique,
organisé par I'Université Toulouse,” sous le Patronage de
I'UIPPA avec la UNESCO, July, 1953; Bagneres de Bigorre and
E. P. Wigner, Nuovo cimento 3, 517 (1956).

21 am indebted to the referee for suggesting the inclusion of
these problems.

The basis of the generalized Clebsch-Gordan decom-
position rules to be derived here is the Mautner theorem3?
which states that every unitary representation of
“practically” every locally compact group can be ex-
pressed as the direct integral* of irreducible unitary
representations. Since the Mautner theorem applies to
the inhomogeneous Lorentz group, and since the direct
product of two unitary representations is a unitary
representation, it follows that the direct product of two
irreducible unitary representations of the inhomo-
geneous Lorentz group can be expressed as the direct
integral of irreducible unitary representations. The
Mautner theorem, however, does not guarantee the
uniqueness of the direct integral decomposition. Unique-
ness is guaranteed if the group is of type 1,5 and it can
be shown from some theorems due to Mackey® that the
proper, orthochronous, inhomogeneous Lorentz group
is of type I. The physically significant irreducible uni-
tary representations of the inhomogeneous Lorentz
group were found by Wigner,” and these are the only
ones that will be considered here.

Since a rigorous mathematical treatment of this
reduction problem would require a considerable amount
of advanced analysis and epsilonics, the problem will be
treated here in a rather naive way. In particular, the
direct integrals will be treated as direct sums, so what
will be found are just the irreducible component repre-
sentations of the direct products.

3 F. I. Mautner, Ann. Math. 51, 1 (1950); 52, 8 (1950). See also
M. A. Naimark and S. V. Fomin, Am. Math. Soc. Translations 5,
35 (1957).

¢ The direct integral of representations is a generalization of the
direct sum. See Naimark and Fomin, footnote reference 3.

5G. W. Mackey, “Theory of group representations” (Mimeo-
graphed Notes, Department of Mathematics, University of
Chicago, 1955).

¢ G. W. Mackey, Acta Math. 99, 265 (1958).

7E. P. Wigner, Ann. Math. 40, 149 (1939). See also Iu. M.
Shirokov, Soviet Phys. JETP 6, 664, 919, 929 (1958); V. Barg-
mann and E. Wigner, Proc. Natl. Acad. Sci. 34, 211 (1948); T. S.
Chang, Acta Math. Sinica 3, 59 (1953); L. L. Foldy, Phys. Rev.
102, 568 (1956); C. Fronsdal, sb4d. 113, 1367 (1959);J. S. Lomont,
A pplications of Finite Groups (Academic Press Inc., New York,
19597), Appendix III; and G. W. Mackey, footnote reference 5,
p. 171,
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The technique which will be employed is to reduce
the problem to a reduction problem for the rotation
group and then to apply the idempotent method which
was applied by Jacob and Wick® to scattering theory.

II. REVIEW OF REPRESENTATIONS?®

The irreducible unitary representations of the proper,
orthochronous, inhomogeneous Lorentz group to be
considered here are all infinite-dimensional

The proper, orthochronous, inhomogeneous Lorentz
group® is the set of all ordered pairs (L|a), where L is
a real 44 matrix satisfying the three conditions

-100 0
1l o1oo0

LGL=G G=| ¢ 0 1 o 2.1)
000 1

det(L)=1 2.2)

upper left element of L>0, (2.3)

where ¢ is any real four-dimensional column matrix,
and multiplication is defined by

(Lla)(IL'|d")= (LL'| La'+a).

The irreducible unitary representations to be con-
sidered here are of two types and will be denoted by
T, . and I',®, where 0<m <, 5s=0,24 1, %.--. The
reps I'm, , belong to mass m and spin s, while the reps
T',® belong to mass zero, spin s, and spin parallel or
antiparallel to momentum.

Let I'={D[(L|a)]} be a unitary representation of
9L and let the operator corresponding to the infinitesi-
mal transformation (L|a) given by

(2.4)

L=||L»|, Lr,=8+wg,w”=—w" (2.5)
and infinitesimal a* be
DL(L|a)]=I+ (3/2)w**J yy+ia*Ps.

The 10 operators Py, J,, satisfy the commutation
relations

(2.6)

[erPA]—-:O (2.7)
[Px,]uv]—=igx»Pu—igxpPy : (28)
[JKMJMV]—=igxujkv"}'igkvjxu_igxy])‘y_‘ig)‘y.]”. (29)

Consequently, if one lets
C1 = PXP)\
Co=—3JMJ,\ P*P,+ ]\ PP,

(2.10)
(2.11)

8 M. Jacob and G. C. Wick, Ann. Physics 7, 404 (1959).

9We put A=c=1, —goo=gun=gr=gss=1. Latin indices run
from 1 to 3, Greek indices from O to 3. * means complex conjugate,
and } means adjoint or Hermitian conjugate.

10 The proper orthochronous inhomogeneous Lorentz group will
subsequently be referred to as 9£.

U Irreducible unitary representations will subsequently be
called reps.
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one finds that the two operators C; and C: commute
with the 10 operators Py, J,,. These two operators are
called Casimir operators and in a rep must be scalar
operators. Thus in 'y, C1=m?, Co=m’s(s+1); and in
I',®, C1=C,=0. If one lets

Uy = _iP)\]pv—iPw’v)\'-iPyJ)‘p (212)

(2.13)

wr= (1’123,7)230,‘0310,'1)012),

then one can distinguish the massless reps by the fact
that

wy=Fis Py, inT,®.

The Bargmann-Wigner construction of T', , is as fol-
lows. Let p» be any set of four real numbers satisfy--
ing p*pr=—m? (m fixed) and p°>0; and let y(p\) be
any solution of the equation

(Fr—im)=0, p°>0, (2.14)
where the v’s are 4X4 Dirac matrices satisfying
[v*y e =2g (2.15)

Then the carrier (or representation) space H,; for
T'mj is the set of all solutions ¥(p,) of (2.14) with a
finite norm, defined by

. . d(3)P
Wl [v TP

where 8=14y" and "=+ (| p|2+m*?}. The carrier space
H,,, for s>1 is?? defined as the symmetric subspace of
the 2sth Kronecker power with respect to spin indices
of H,,; with norm defined by

(2.16)

d(3)P
| (| p|2+m2)|’

where B;=IQRIQ---QIRLRIR ---®I, I is the 4X4
unit matrix, and g8 is in the jth position. The inner
product is defined by the equation

(¢lv)=—Hv—ol*~ll¥+9l?
+illy—ig|2—illy— +ig||*}

2= f B1Ba- - Bast )

d(S)P
= | ¢'B818:- - Bop———. (2.18)
Jows s | (ol
The operators Py and J,, are defined in H,, , by
Py (p)=p3(p) (2.19,
Juszyu+Suv (2.20)

M= —i{[p.(8/3p")]—[p(0/3p Ty (2:21)
Sw= _‘i % [:'Ynm’)’nr]—-

Usa

(2.22)

2 For s=0 there is no equation and the wave function y has a.
single component. .
3To calculate My, express ¢ as a function of p,, v, and one
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The construction of I',® is the same, except that m=0
and that ¥ must satisfy the additional condition

V.5 =+y for I',¥, (2.23)

where

VP = 1Y n0Y n1Yn2¥nae (2.24)

The spinless representation is obtained from I'mo by
putting m=0.

The following properties of representations of 9£
will be useful in the subsequent development:

(1) [PaSu]-=0, [Ma,Su]-=0. (2.25)

(2) For m0 the eigenmanifold of P belonging to a
given eigenvalue is (25+1)-dimensional.

If P'#0, a basis can be chosen to be eigenvectors of
the operator P1S.P (where P=|P|):

S-P
—‘I,—[P’,)Q:)\IP’,A) (2.26)

A=—s, —s+1, .-+ 5.

\ is called the helicity.
(3) For m=0 an eigenmanifold of P is 1-dimensional,
and

S-P
—;—|P’,)\>=MP’,)\>, (2.27)

where A= £s for T', &),

(4) The vectors |P’,\) form a basis of the carrier
space.

(5) The operator representing a rotation specified by
the Euler angles a, 8, v is given by

R(a,ﬂ,‘y) = gmiatsg—iBJyg—iv /s (2.28)
where ] = (J23,J31,]12).
6) [J,PS-P].=0, (2.29)
S0
[R,P'S-P]_=0. (2.30)

Consequently, if |\) is any eigenvector of P~'S-P,
P-1S-P|A)=A[)), then PS-PR|A)=AR|)).

(7) e—ifrJszein,,=__Pz
(8) InT,,, and I',®
e2riJy= (__ 1)28.

(2.31)

(2.32)

(9) In any representation the eigenmanifold of P
belonging to eigenvalue 0 is invariant under rotations.
This manifold therefore generates a unitary repre-
sentation of the three dimensional rotation group R(3).
Such manifolds (for which P’=0) will be referred to as
rest manifolds.
other p component; then differentiate keeping the third p con-
stant. Thus, to calculate Moy one can express ¥ as ¥ (po,p1,p2) or
as ¥ (po,p1,p3)-

Uy n=IRIR QIRY.RIQ" - -®I, where v, is a 4X4 Dirac
matrix, and is in the nth position.

239

(10) Let A, be the representation of R(3) obtained
by restricting I'm, to R(3) and operating on the rest
manifold. Then An,=A,, where A, is the rep'® of R(3)
belonging to spin s.16

III. REDUCTION BY IDEMPOTENTS

One of the most common methods of reducing group
representations is the idempotent method,'? so called
because of the use of idempotent operators. Actually
there are two idempotent methods, one of which uses
characters and the second of which uses matrix ele-
ments. The second method will be employed later in
this article and will be described briefly here as it
applies to R(3).

The invariant group integral will be assumed to be
normalized so that the orthogonality relations become

f ARD it D (RYD s ¥ (R7Y)

82

(3.1)

85k0mm** Bmrme

2j+1

where Dy @(R) is the mm/-th matrix element of the
matrix representing the rotation R in the (2j41)-
dimensional rep A; of R(3). .

Let A be an arbitrary unitary representation of R(3),
and let R denote the unitary operator representing the
rotation R in A. Then with the aid of the orthogonality
relations (3.1) and the invariance of the group integral
it can be easily shown that the operators

2541 |
o V=T f dRDype @ (RY*R (3.2)
82
satisfy the relations
Emmr D1t = 818t Eomm e (3.3)
ot DV = . (3.4
From (3.3) one sees that
g.m’m(i)g.mm(j) = g-m'm(i) (3'5)
ot Dttt D = Epr D (3.6)
(mm @'= g‘mmﬁ)) (37)

and from (3.7) one sees that the operators {mm'” are
idempotent.

Now let %y, #, - -, u2;+1 be any set of 2541 vectors
in the carrier space of A. Again by invariance and or-
thogonality it can be shown that these vectors form a

(“)I‘ will denote representations of £ and A representations of
R(3).

18 For a proof see the Appendix.

17 Cf. E. P. Wigner, Group Theory (Academic Press, Inc., New
York, 1959), pp. 113, 114, 118; and J. S. Lomont, 4 pplications of
Finite Groups (Academic Press, Inc., New York, 1959), p. 75.
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basis for the irreducible component A; of A, i.e.,

2j41

=" DumP(R)th (m=1, -+, 254+1), (3.8)

m'=1

if and only if
g-m'm(i)um’=um (m7 m = ) 2j+ 1)‘ (3'9)

Finally, by using the preceding results one can easily
show that if v is any vector in the carrier space of A
then the set of vectors

U= mm, P ¥ (my fixed)
(m=1, -+, 24+1)

is a basis for the irreducible component A; of A or is a
set of zero vectors; i.e., these u.’s satisfy (3.8). The
#,s so constructed will be the zero vector if A; is not
a component of A.

This completes the description of the idempotent
method. However, there is another relation involving
the ¢’s which will be required later and was in effect
derived by Jacob and Wick.!® The relation is

Conm? Deirdy= (—- 1)%‘""{," e (J'), (3_ 1 1)

where J, belongs to the representation A of R(3).

The representations of R(3) to which this theory
will be applied are infinite-dimensional, but it was
shown by Wigner™ that even infinite-dimensional repre-
sentations of compact groups can be expressed uniquely
as direct sums of finite-dimensional reps.

(3.10)

IV. REDUCTION OF THE LORENTZ GROUP
PROBLEM TO A ROTATION
GROUP PROBLEM

In this section, product representations of the forms
6, ®Cmyey, Ty PQT,, P, and Iy, @T,, &

will be partially reduced. The remaining reduction will
involve only the reduction of representations of R(3),
and will be performed in the next section by the idem-
potent method.

The infinitesimal operators of a product representa-

tion T are
Pr=P\ V4P \®

Jur=T 0O +Tu®,

where the superscripts 1 and 2 label the reps in the
product. Consequently, the first Casimir operator is
—_ ___PX_P)\
= — PWAP, AP, @) 2 PUAP, @)
=CiO4C®—=2POIP,®
=mlmP—2POAP, @,

(4.1)
(4.2)

(4.3)

where either or both #; and m,; may be zero.

18 See footnote reference 8, p
¥ E. Wigner, Ann. Math. 40 149 (1939), see also A. Hurevitsch,
Rec. Math. N. S. 13, 79 (1943)
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The first question to be answered in this section is:
“What are the possible eigenvalues of C;?” Corre-
sponding to each irreducible component of I' there will
be an eigenvalue m? of C;, and in the rest manifold®
(P’=0) of such a component (4.3) and (4.1) become

C1=P¢ 4.4)
Po= poy p@o
= (PO 2)i4 (P@24-p52)4
and since PW=—~P® and Po=m,
m= (PO24-m2) i+ (PO fgp2)1, (4.5)

Since the elgenvalues of P®* vary from 0 to = if
m;#0, it follows that, in that case,

mit+me<m< o, (4.6)

Since m can assume all values in a continuous range,
and since m labels (partially) the irreducible components
of T, one sees that a direct integral rather than a direct
sum should be used in the decomposition of T.

The case in which m;=0 (or ms=0) requires special
attention because P®’ (or P®’) cannot be zero (i.e.,
have a zero eigenvalue). Thus it would appear that m
could not assume the value m;-ms. Suppose first that
mi1=ms=0. Then there is no manifold in which P,
=P,'=0, but it is possible for P,®" to be a constant
times Pa®’, In that case m=0. Second, consider the
case my;=0, m27%0. Then in order for m to be m, the
condition —my?=P# P,’ must be satisfied, or (dropping
primes)

POL.P@_ | P(I)I (|P(2)]2+m22)*=0
or, letting P®W.P@ = [P®||P®| cosf,
cosf= (| P® 24-my2)t/ | P[> 1.

Hence in this case m==<ms,.
The treatment of the exceptional case m=0 will be
deferred until a later section.

Corresponding to a given nonzero eigenvalue m?* of
C,, there may be several component reps I'm,s of T.
Let A(m) be the representation of R(3) obtained by
restricting I' to R(3), and in turn restricting this repre-
sentation of R(3) to the submanifold of the rest mani-
fold on which Cy=m?. Then according to property (10)
of Sec. 2, each component rep I'., ;7 of I when restricted
in the foregoing way becomes A ;. Thus, by reducing the
representation A(m) of R(3), one can find the spin
values of the component reps I'n,s together with the
multiplicity of each I'n, ;. The problem is now reduced
to the rotation group problem of reducing A(m).

V. SOLUTION OF THE ROTATION GROUP
PROBLEM : REDUCTION OF A(m)

The representation A(m) of R(3) will be reduced by
applying the idempotent method of Sec. 3. Thé A of

2 There is no rest manifold if m=0.
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that section is now A{m), and the rotation operator R
is now a rotation operator in A(m). To begin with some
notation will be needed. Let ||P,/| \) be a vector in
the carrier space of a rep with positive z component of
momentum | P.’|, and helicity \. If the rep has nonzero
mass then |[P./|=0 is also allowed. To specify the
vector completely its normalization and phase must be
given, but here it will be sufficient to assume that one
vector has been selected corresponding to each |P./],
Apair. If we let

| =P/ W)= (=) | [P ))
we see from property (7) of Sec. 3 that

(5.1)

P.—|P/|N=—|P/||—|P/I N (5.2)
and from (2.29) that
PAS-P|— | P/ M=\ —| P/ N (5.3)

Finally, let
[P s d =[P/ M@ — [P/ A),  (5.4)

where the two vectors whose product is taken lie in
the carrier spaces of the two reps whose product is
taken. The product vector |P.,'AjA2) is thus in the
carrier space of the product representation. Further-
more, it lies in the rest manifold

PIPZ’;M,&)=0.
The vectors | P.'; A,Ay) for which

| P/ | = Cm)y [ (m-+mi-tms) (m-+my—ms)
X (m—mi+ms) (m—my—ms) I}

(5.5)

(5.6)

lie in the submanifold belonging to mass m, and will be
denoted by
;P;(m);)‘l))W)'

The idempotent method can now be applied to the re-
duction of A(m) by defining the vectors

| LM s A= n O Pl (m); M), (B.7)

where A=XA;—Aq, and M can assume the values J, J -1,
J~2, -+, —J. In order for {x ‘"’ to be defined, it is
necessary that

M= ZJT (5.8)
and also that
(5.9)

Subject to the foregoing restriction (5.9), J can as-
sume any half-integral value from O to . Since
|PO|~1S®.PD and |P®|1S®.P® commute with
R, they also commute with {3 ,\/’. Hence

‘ p@ i“‘S“’- P@ }J,M; }\1,)\2)=)\i‘ ],M; 7\1,)\2>. (5.10)
It is now easy to demonstrate the orthogonality of
the newly defined vectors, i.e.,

(J:M > XI’)\Q l J’)M' 5 kl’,)\zl
=8r7,0arnndrana’f (T ANa),

J— (s1+s2)=integer.

(5.11)
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where f is a function of the indicated parameters and
the mass. This is derived as follows:

<],M 3 )\1,)\2 ‘ J',M’ N Xx’,)\z’)
=(P, (m) ; \pyha| Ear a0 A IO P (m) 5 M N
=(P.(m) ; Ao 0.2 D80 2 VO L P (m) 5 NN
=877 8um( P (m) ; Ay ke | a7 [P (m) ; M N)
(5.12)
Since |P@|718§®.P® commutes with {\ ¢ it fol-
lows that
(P (m) ; Mhe| v D | P () ; M AS)
=6)\1R1’§2\2)\2’<Pz' (m) H k;,kz 1 g'}‘)\(',) ;P;’ (m) ;hl,)\2>. (5.13)

Hence

M NN T M M Ny =85 5 8ararSrn By
X(P (m) 5 Mk [Sxn D[ P (1) 5 Myha).

Jacob and Wick® have shown that for N and J values
subject to the restrictions (5.8) and (5.9),

(I, M s M| T, M5 A )0,

(5.14)

(5.15)

Also, they have shown that the vectors |J,M ;X\ \s)
form a complete set in the carrier space of A(m).

Hence, the possible J values are all nonnegative hali-
integers satisfying (5.9), and the multiplicity of each J
value is equal to the number of (\1,A9)-values satisfying
(5.8). Thus, for J>s:+s; and consistent with (5.9)
the multiplicity ¢y of J is

cr=(25:+1)2sx+1)
=1
=251+1

It should be observed that the decomposition of A(m)
is independent of m. Some examples are now given:

i m=0, m=0
if mi=my=0

if m1;é0, M2=0. (5.16)

1) si=sp=%, my50, me*0
Alm)=2A¢+440,4400+- - -

(2) s1=S2=%, mi=me=0, )\13)22%
A(m)=AotA1+Aet- - -

(B) si=se=3, mi=me=0, M= '__)\2=%
A(m)=Ar+Bet+Ast- -

(4) 51=S2=%, myEme=0, Ng= :h%
A{m)=A¢+ 20,2804+ -

(5) S1=%, S2= 1, m1?£0, m2¢0
A(m) =47+643+6A5+- - -,

VI. SYMMETRIZED KRONECKER POWERS

Suppose V=UQ®U is the Kronecker product of a
space U with itself, and let {9)=|1)® |2) be any product
vector in V. Then a linear, Hermitian operator P; in
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V is defined by the equation Examples:
Pul)=2)®]1). (6.1) (1) s=3, m#=0, 2s=1
Obviously, DA (m)=3A1+As+305+Ag+- -
Py=1, (6.2) (2) s=3, m=0, 2s=1

so V is the direct sum of the two eigenmanifolds of P,,
belonging to eigenvalues +1 and —1. These are the
symmetric and antisymmetric subspaces of V.

Consider now the case in which U is the carrier space
of a rep of 4L£. It is easily seen that P;; commutes with
the 10 operators P, and K,,, and hence that the sym-
metric and antisymmetric subspaces are invariant under
the product representation. Consequently, the sym-
metric and antisymmetric subspaces generate repre-
sentations, and these are called the symmetrized and
antisymmetrized squares of the rep. Higher sym-
metrized powers can also be constructed.

The reduction argument for the symmetrized square
proceeds as for the ordinary square until the decom-
position of the representation A(m) of R(3). Since A(m)
is now defined in the symmetric subspace the repre-
sentation will now be designated by “A(m). A basis
for ®A(m) can be found by simply projecting a basis
for A(m) into the symmetric subspace. Such a pro-
jection operator is

Thus, to find the effect of ® on a basis vector one need
only know the effect of Pys. This can be found as fol-
lows. If we use (5.7), (5.4), (5.1), (3.11), and property
(8) of Sec. 3, we have

P12 l f,M; )\1,X2>
=P1KM.7\(") le'; )\1,)\-2>
=D Pra| P 5 Ayho)
=t | — | P, (m) l A)® | | P, (m) | A
= (__ 1) M')\(J) e~ Ty girTy(2) | P, (m) ; )\2,)\1)
= (—1)* 20y \Dei™u| P, (m) ; Na,\y)
= (=172 3 2D | P,/ (m); ho\y)
= ("' 1)1_2’!]:M; >‘2’)‘1>’

which is Eq. (46) of Jacob and Wick.8 Thus

I],M; XI,X2>(,)E (PI J,M; )\1,>\2>
=37, M ;N )4 (—1)772 [ T, M ; ha\y).

(6.3)

(6.4)

(6.5)
Since J is an integer by (5.9), one has
LM M) = (=)7L, M ;M ). (6.6)

Consequently, if J—2s is odd, |J,M; A\\)»=0. Thus,
the multiplicity ¢ of A for J sufficiently large is

cr=(s+1)(2s+1) if m==0, J—2s even

=5(2s4+1) if ms0, J—2s odd
=1 if m=0,J—2seven
=0 it m=0, J—2s odd.

®A(m)=Ay+A+Ast- - .

VII. m=0

The representation of 4 £ generated by the manifold
on which C1=0 will now be reduced. It will be recalled
that m=0 implies m;=m.=0.

Since P,® and P,® commute, they are simultane-
ously diagonalizable. Furthermore, on the manifold on
which m=0 the eigenvalues belonging to a single eigen-
vector must be related by a proportionality factor

P,® =qpP 0

(7.1)

where « is a real, positive constant. Thus, the m=0

manifold is spanned by vectors of the form
[P A)® [aPy®"Ns). (7.2)

Let 9, be the manifold spanned by all vectors of the

form (7.2) with fizxed «, and let

0,@=P,@0—gP,®. (7.3)

Then M, is the eigenmanifold of ©,‘® belonging to
eigenvalue zero. Since

L0u@,P,] =0
[ O)\(a),—’uv]—‘:ig)\v On(a)_ig)\u @v(a),

(7.4)
(1.5)

it follows that 91, is invariant under 9£. Hence M.
generates a representation of 4£.

It will now be shown that the representation gen-
erated by 9N, is irreducible. It will be shown that an
operator A on 9, which commutes with the P, and J,,
must be a scalar operator. Since P, is a complete com-
muting set in M,, A=A (P). If D(L) represents the
homogeneous transformation L, then D—'(L)P*D(L)
=L# P’ Hence,

D(L)A(P¥)D(L)= A (L+,P?). (1.6)

Since, on the other hand, D(L) commutes with A, it
follows that

A(L#P)=A4(P¥) (.7

for all values of P, in 9M,. Since P,= (14a)P,D, it
follows that

A((1+a) L5, PO =A((14+a)P®x),  (7.8)

where P®’ can assume any real, nonzero value, and
PyW'=| —P®'{ Thus

A(LKPO'") =4 (PW'¥),

Hence 4 is a constant.
The rep generated by 9, will now be determined. For

(7.9)
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brevity, let [¢)=|P®' A\)® [aPD’' \z). Then
PS-Piy)
=P (SO §®). (PO P®)|y)
= | PO 4oPO |[-L(SW4S§®). (PO’ +oPO’||y)
= PW'-1(SW4§@). PO |y)
=p(l)'—1(5(1) -P“)'-i—a‘lS(”-aP“)'l I‘p)
= PW=1(SM. PO 4m15@) . P@)|y)
= PO\ PO 4o PO |y)
= (A1+22) |¥).

Hence 91, generates the rep

(7.10)

T LA/ ([MtAe])]
RSE Sl

for each a, independent of a.

Since the m=0 manifold is the direct sum (or in-
tegral) of all 9M,’s, it follows that the representation of
9£ generated by the m=0 manifold consists of the
direct sum (or integral) of an uncountably infinite
number of reps

T Ia+A2)/ (IMHhe)))
|A1+Ae|

with one for each real positive number a.

The case =0 arises in the products I's;® @Tap®),
but it also arises in the symmetrized products
T,® AL, ®. The m=0 manifold arising in the I',\®
AT, & problem is just the symmetric subspace of the
m=0 manifold in the I, ®T',® problem. The mani-
folds 9., however, are neither symmetric nor anti-
symmetric. Let 91, be the manifold spanned by vectors
of the form

laP#(Q),v)‘1>® IP(2)17)‘?>'
N, is invariant and generates
LA/ (athah]

| A1t2e|

The manifold M o=9M P N. is easily seen to be invari-
ant under Pjp. The symmetric and antisymmetric sub-
spaces of M, again generate

TR/ (N2
R3S R.]]
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Hence “half” of the component reps of the m=0 com-
ponent of I', V' QT,® belong to the m=0 component
of T,®AT,®,
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APPENDIX

It will be shown here that the group of rotation opera-
tors belonging to I'n,, yields the representation A, of
R(3) when applied to the rest manifold.

First the case s=% will be treated. The vectors in
the rest manifold satisfy

Py(p)=0, (A-1)
and since Py (p)=py(p), it follows that
w(p)=0. (A-2)
Hence
¥(9)=08%(p), (A-3)

where ¢ is independent of p. The wave equation (2.14)
applied to the ¢(p) of (A-3) becomes

Bo=2. (A-4)

There are two linearly independent solutions of (A-4),
and since [S,,8]=0, they can be chosen to be eigen-
vectors of S,. They are the spin up and spin down solu-
tion ¢,. By applying S; and S, to ¢ one finds that
they generate A;. Since §¥(p) is invariant under a
rotation the rest manifold of I'n,; generates A;.

For higher spins (s>3%) Eq. (A-3) is still valid. A set
of basis ¢’s is now

Sttt =04+ QPLQ -+ B Q P
brst-=2 PPp®¢® - @4 @¢-  (A-5)
: P

L S =0 Q¢_-Q - QP_Q¢_,

where P permutes the suffixes, and the sum is over all
permutations. The number of basis vectors is 2s+4-1, and
the representation of S generated by them is the 2sth
symmetrized Kronecker power of A;. Since this is A,
the desired result is established.
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In the framework of the classical ensemble theory a theorem is proved which is sufficient to justify the
classical statistical mechanics.

Our result can be stated as follows. Let us consider a fixed and otherwise arbitrary subdivision in cells
1, #=1, 2, ..., N) of the energy shell I of an isolated dynamical system: Having introduced a suitable
definition of functional average, we prove that for “‘almost all” the initial Liouville density functions

p(?',¢"; 0) we have
: 1 pr ror. 1y 9r ? _
;ml}ﬂ dl{[‘/;yp(ﬁ g’ s dp'dg ——U] }——0,

where o, and o are the measures of I, and I, respectively. The unitarity of the Koopman-von Neumann
time-evolution operator is the only dynamical property needed to establish this theorem. On the basis of our
result, it can be shown that systems with very many degrees of freedom satisfy the laws of statistical
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mechanics.

L

HE justification of the classical statistical me-
chanics is usually based, in the ensemble theory
approach, on the second mixing theorem of Hopf.! This
theorem can be stated as follows: If (and only if) the
dynamical system is metrically transitive in the direct
sum space Z=I'®@T (where I is the phase-space of the
system) we have

[ froma-Tlo o

where M denotes time averaging
T
tim (1/7) [ aut-+-),
* 0

p(C,t) is any positive definite function of the points
C=(p',¢') of T, I, is any region of the energy shell I, o,
and o are the measures of 7, and I, respectively, i.e.,
Sy, dp'dg'=0,; S, dp'dg’=c.In other words, this ergodic
theorem states that for any p(C,0) the time evolution is
such that p(C,?) is nearly always practically uniform in
the energy shell.

As it is well known, it has not yet been possible to
ascertain which dynamical systems are metrically transi-
tive. In order to avoid this difficulty we have reexamined
the problem and we have given a theorem, the validity
of which does not depend on any ergodicity condition
like metric transitivity. This theorem is sufficient to
justify statistical mechanics. It can be considered, from

*Now at the Istituto di Scienze Fisiche dell’Universita,
Milano, Italy.

LE. Hopf, Ergodentheorie (Springer-Verlag, Berlin, Germany,
1937), p. 37.

a methodological point of view, on the one hand as the
classical analog of a quantum theorem recently given,?
and on the other hand, as the counterpart in the en-
semble theory of the theorem of Khinchin, Truesdell
and Morgenstern.?

1L

The Koopman-von Neumann’s formulation of clas-
sical dynamics in Hilbert space* is the proper tool for
dealing with our problem. Since this formulation is not
generally known to physicists, we have briefly sketched
it in the Appendix.

Let p(p',q’; t) be the Liouville function of any sta-
tistical ensemble representing an isolated system with
given energy. If we put with a notation d le Dirac:

le=fM%%DMNw@WC 2)
I

the equation of motion in the classical Schroedinger
picture can be written

Le)=TU(£,0){p(0)), (3)

where U(#,0) denotes the (unitary) time-evolution
operator.

Let us now consider an arbitrary subdivision of the
energy shell I in phase-cells I, (»=1, 2, - -+, N) and let
us call ¢,(¢',¢') the characteristic function of the »th
cell, i.e., the function which is equal to one when

2 P, Bocchieri and A. Loinger, Phys. Rev. 114, 948 (1959);
G. M. Prosperi and A. Scotti, Nuovo cimento 13, 1007 (1959).

3 A. 1. Khinchin, Mathematical Foundations of Statistical Me-
chanics (Dover Publications, New York, 1949), Sec. 13; C.
Truesdell and D. Morgenstern, Ergeb. exak. Naturw. 13, 286

1958).
( 4B. 0. Koopman, Proc. Natl. Acad. Sci. U. S. 17, 315 (1931);
J. von Neumann, Ann. Math. 33, 587 (1932).
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the point (p’,¢") belongs to 7, and to zero otherwise. The
corresponding vector |¢,) (which we will call the
characteristic vector of I,) is the standard ket of the
orthogonal basis |[p')|¢")=]|p",¢") whose labels p’, ¢’
belong to 7,. We have

(o] ‘Pr)=f e g)dp dg =0, 4)
I

(uv). (8)

Consequently, the probability P,(#) of finding a system
of the ensemble in the cell 7, at time ¢ can be written

(‘PMI en=0;

P, ()= f o('g's Dap'dg' = (00| ()
’ =(e,|Ut0)]p(0)). (6)

Let us now call B an averaging operation on the initial
kets [p(0)) which gives the same weight to all the pos-
sible {p(0))’s. If M denotes time averaging, we shall
have

BMP,(t)=BM{e,|U(£,0)]0(0))
={M{e,(®)| }{B]p(0))}, (7

where (o,(2)| =(,| U(,0). The averaging B must be
performed taking into account the following subsidiary
condition [normalization of the function p(p’,¢’; #)]:

(elp(O))=1, (8)

where (¢| is the characteristic bra of the energy shell

(¢I=§v(<pvl; (el @)=0. 9

In order to perform the operation B, we shall
subdivide all the possible |p(0))’s in classes in such a
way that every class contains the |p(0))’s having the
same Hilbert norm, and we shall perform first the
averaging within every class. Let us consider a certain
class C'. Since the vectors |p(0)) belonging to C’ form
the “lateral surface” of the “rotation cone” the axis of
which has the same direction as | ¢), we have, if B’
denotes the averaging within C’:

B'[p(0))=0'| ¢),

where @’ is a number; but o’ does not depend on the
chosen class: in fact, averaging relation (8) we obtain

B'(¢|p(0))=(¢|B'|p(0))=a'(¢| p)=1;

from which,

(10)

ad=1/s; (11)

and therefore:
B'{p(0))=(1/0)| @), (10")
Bo(0))= (1/0)] o). (12)
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By substituting into Eq. (7) we finally obtain

BMP, (1) = {M(e.()}{B|p(0))}
={M{e.()|}(1/0)| @)
= (1/0){M{,| U (1,0)} | )
=1/o(p.| p)=0./c,

where use has been made of the evident relation
Uito)| e)=|e)-

We notice that result (13) has been reached by using
only the linearity and symmetry properties of the
operation B. The last property is the natural gener-
alization of that symmetry property, which, as it will be
apparent later, is an obvious consequence of the
equiprobability of all the possible |p(0))’s.

(13)

III.

It is now necessary, in view of further developments,
to give a more precise definition of the operation B, of
which we have employed till now only some formal
properties.

To this end, let us subdivide every cell 7, into ko,
subcells I,; (v=1,2, ---, N; j=1,2, -+, ka,) of equal
measure. Consequently, the energy shell I will be
subdivided into

N
ke=kY , 0,
1

subcells each of measure 1/k. If we put p(p",q¢'; 0)
=c¢(p’,¢"), we will then obtain

p(O)=5. [ cw s

~S. X [ pardy. ()
1 I
We shall now have approximately

N koy

P(O)E, 35 f |9\ )dp'dg’
Iy

N koy

=Zliw>:1:j il @ui)y  (13)

where the | ¢,;) are the characteristic vectors of the sub-
cells 1,; and ¢,; is the average of ¢(#’,¢’) within 7,;. The
approximation made becomes obviously better and
better as the number of the subcells 7,; increases, i.e., as
the number & gets larger and larger. We obtain

MP,(8)=Me.| p())=Me,(!)| p(0))
koy?

N
~M Y, i or o] evir)
1 1

kayr

N
=Zv er ovy M{pu(D)] v ). (16)
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Since the vectors |p(0)) are now, in this approximation,
vectors of a space with a finite number ko of dimensions,
the operation B (which, to denote the approximation
made, will be called 8B,) is an averaging on the com-
ponents c¢,;, perfectly defined by the condition that all
the possible |p(0))’s have the same weight. From Eq.
(8) we obtain immediately the subsidiary condition to
be satisfied by the components ¢,;:

kayt

N
1=(e1p(O) =T Elor] o)

1 N koy

==3, %6 (17)
1 1

Bi-averaging formula (16) under condition (17), we
obtain

kayr

N
BiMP, ()= 5 Bilewi)M{o,(8)] 0 i), (18)
11

from which result (13) follows immediately, for every
value of .

Therefore, we may conclude this section remarking
that the prescription

B(- - )=Hm[Bu(- )]

represents a physically reasonable and mathematically
precise definition of the functional averagingin question.
We notice, however, that this procedure does not allow
one to conclude straightforwardly that a measure in the
functional space is associated with the averaging defined
in this way. 4 priori a certain amount of caution is
suggested by the well-known fact that the limit of a
measure is not necessarily a measure.5 This point will be
the object of further investigation.

Iv.

We are going now to prove a relation of the following
kind:
BM{[P,(t)— (0./0) P}Ka,2 o

Taking into account result (13), one has to prove that

BMP2(1)— (0,}/6%)K0,2/ o> (19)
But
BMPH1)=BM{(:(1)p(0)Xe»(2) | 0(0))}
N ko kaoy
ﬁ;w ;:J'%k(cﬂf‘;p'i’)
'M{<‘Pr(t)! ‘PMJ‘)(‘PV(‘)‘ ¢u’i’>}r (20)

from which it follows, first of all, that B and M com-
mute. For sake of convenience we shall now replace the

P. Lévy, Problémes Concrets &’ Analyse Fonctionelle (Gauthier-
Villars Paris, France, 1951), p. 293.
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indices (u,7) by the unique index i=1, 2, ---, ko. We
have then to evaluate the average

Birlcics) (21)
under the subsidiary condition:
Yici=k; (n=ko). (22)

1

Consider, in the real n-dimensional Euclidean space,
the hypertetrahedron having vertices in the origin of the
reference frame Ocy¢s- - - ¢, and in the points in which the
plane (22) intersects the axes of this frame. If T is the
hypertriangle common to the hypertetrahedron and to
the plane (22), we have evidently

%k(cic@-,)’if( f cicudT / f dT),
r r

where dT is the Euclidean measure of the surface
element of T". Manifestly,

(23)

f (Volume of the hypertetrahedron)-#
7 Height of the hypertetrahedron

(k*/nl)n A
= = . (24)
Ck/np+--(/np T (n=1)!
7

It is clearly sufficient to evaluate the two typical
averages B (c?) and Br(cicz). We have

kr=lpt g1 (n—1)! 1
%k(612)=[ ] f c2dT=
7

(n—1)! Evnb cos(| p)yca)

(n—1)!
Xf c2dT'= fclﬂdT',
P kn—-l T
where

k k—ec1 k—e1—co—<' v—=Cp—2
f dT,=f dclf dCQ‘ . f an-l
i 0 0 0

n—1

- ) g Lcos(]| o) cn)=n"1]

is the measure of the hypertriangle orthogonal projec-
tion of T on the plane c,=0. But

k k—ec1 k—ect—-.-—en—2
f ClszI = f clzdclf dCz e f dC,,_l
ild 0 0 0

k (k_cl)n—2
=f cP————dcy;
(n—2)!

0
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and consequently
2k
n(nt+1)

Bet)=r f " o o) s = (25)
kn—l 0

Similarly, we find
Bcico)=k/n(n+1).
Substituting in Eq. (20) one obtains

(26)

BUP AT, 3y
MP2(H)~=3",3;
2.2 n{nt1)
k‘z

M v i) & Nﬂk%j#j"——_'
{e ()] eui)] H‘? ; D

M {{or()] ouXes(®)] 0uir)}

koy koyr B2

.le,j' n(n+1)

-M{{eu(t)| eui ()| euin)}

N ke B2

BRI

N
+Z##'
1

ko, koyt k2
2
1

'M{[<‘Pv(t) ‘ ‘Pui>]2}+zl:n.n’ n(n+1)

M{{en(t)| euiX@u(D)| 0w i)}

k2 g,
== (~+Uv2)
n(n+1)\ &

o,(o,+1/k) g’
_—
olo+1/k) (=) 52

We obtain, in conclusion,

BMPA(t)— (5,%/5%) =0,

(27)

(28)

from which it follows immediately
N gy 2
%M{[z,m)——] }=o.
1 [

Equation (29) asserts that for any subdivision in cells I,
(v=1,2,--,N) of the energy shell I, relations

P"(t)=o'l‘/o'; (V=1) 2, )N) (30)

are satisfied at the overwhelming majority of the time
instants ¢ for “almost all” the initial vectors |p(0)).
Obviously, the set of the exceptional initial vectors for
which relations (30) do not hold true depends both on
the subdivision in cells and on the instant #.

Result (30) is valid independently of the value of the
number g of degrees of freedom. In this respect it differs
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from its quantum analogue, which is only asymptoti-
cally valid for large values of g. This is a consequence of
the fact that the structure of the “concrete” functional
space employed in this paper is different from that of the
space of quantum theory.

The only assumption essential to the validity of
Eqgs. (30) is the unitarity of the Koopman-von Neumann
time evolution operator, i.e., the canonicity of the
equations of motion. However, in order to justify
statistical mechanics on the basis of Eqs. (30)—first of
all in order to deduce the canonical distribution law—
the assumption that g is a very great number is needed,
as one can see easily bearing in mind a well-known
procedure.®

In conclusion, it has been possible to get rid of any
hypothesis of metric transitivity by giving up the
purpose of establishing an ergodic theorem valid for all
the initial Liouville functions p(0). The resuit so ob-
tained, except for the necessary assumption of unitarity
of the evolution operator, depends only on the geo-
metrical structure of the considered functional space.
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APPENDIX

Koopman-von Neumann’s Formulation of
Classical Mechanics in Hilbert Space

(i) Let & be the Hilbert space of the Lebesgue-
measurable and square integrable functions of the points
of the 2g-dimensional phase-space I' and let ®p be its
extension in the sense of Dirac.

Let us consider in £ p a representation characterized
by the eigenkets [p;/) and |g/) corresponding to the
numerical values p;’ and ¢; of the dynamical variables
p; and g; (=1, 2, --+, g). The standard ket ) of this
representation will obviously be given by the relation

= [ [ 1s.0apaq,

lt',0)=1#)14);
dp'dg'=dpidpy - - -dp,dg)'dge’ - -

(1A)

where

-dg,’.

The abstract vector corresponding to any dynamical
variable f(p,g) can be written as follows:

1ean= [ [ 109219 drapag=11)
Let (p,9) — (P,Q) be any canonical transformation and
F(p,q) a function such that F(P,Q)= f(p,q). Then the

¢ See e.g. the book of Khinchin quoted in footnote reference 3,
p. %1
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Hilbert transformation U defined by the relation
Fpgh=|F)=U|f)

is unitary, as follows immediately from the fact that the
Jacobian of a canonical transformation is equal to +1.
Ii we perform a second canonical transformation
(P,Q) — (=,x), we shall have [¢)=V|F)=VU|{), from
which it can be concluded that the canonical trans-
formation group induces a group of unitary transforma-
tions in & p. One gets easily convinced that the algebraic
relations and the reality properties are invariant under
the group of the U transformations.

To an infinitesimal canonical transformation charac-
terized by a parameter e and a generating function

G(P,Q) :

(24)

3f(p:9)= e G(5:0),1(0:0)} =1eD[G(p,9) 1/ (£,9), (3A)
where
' 1e¢ /G 0 9G 9
e o ) @
t.1 \dg; dp; 3p;dq;
it will correspond a unitary transformation

8| Ny=iG| ),

where G is an Hermitean operator which coincides with
D[G], as it can be easily seen.

(ii) Let us consider an isolated dynamical system the
Hamiltonian of which is H(p,q). The generating opera-
tor of the unitary transformation induced by an infini-
tesimal time displacement ¢{— ¢46t is the Hermitean

operator H. Let
+o0
A= f AdE\

be its spectral decomposition, in the customary von
Neumann notation. If U*(1,0) (*=Hermitean conju-

(5A)

(6A)

BOCCHIERI,
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gate) is the time evolution operator of the vectors | f):

| F(D)=U*(8,0)| F(O)), (TA)

we shall have

+x
U*(1,0) = exp (i) = f exp(iN)dEy.  (8A)

To find the spectral decomposition of H is equivalent to
solve the canonical equations of motion. In fact, the
equations

00
pO)= f exp(IN)dErp (0)); (98)

+o0
()= f exp(IM)dErg(0)) (108)

are evidently equivalent to the Fourier expansions of the
solutions of the Hamilton equations.

(iii) The considerations developed in (ii) make refer-
ence to a (classical) Heisenberg picture. But it is also
possible to keep the dynamical variables fixed and let
the Liouville ket develop in time, obtaining in this way
a Schroedinger picture. (Obviously, in the pure case the
Liouville function will actually be a & function of
Dirac.)” The equation of motion of the Liouville

ket |p(0)) is
[o()=U(£,0)[p(0)). (11A)

(iv) Finally, we remember that also quantum theory
can be developed according to a scheme analogous to the
one sketched here for the classical theory. To this end,
it is sufficient to consider a Hilbert space whose elements
la), |B), --- are the operators a, 8, --- of the con-
ventional formulation, to give a suitable definition of
scalar product (one puts (a]8)=Trace (a*B)), etc.?

7 The possibility of considering different pictures in classical
dynamics has been emphasized by U. Ublhorn, Arkiv Fysik 11, 87

(1956).
8 See J. von Neumann, Ann. Math. 41, 94 (1940).
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